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PREFACE. 



The first part of the following volume originated from a 
series of University lectures which I once promised to deliver. 
This part can, to a certain extent, be considered as an in- 
troduction to my work on "Theory and Calculation of 
Alternating Current Phenomena,'* leading up very gradually 
from the ordinary sine wave representation of the alternating 
current to the graphical representation by polar coordinat'es, 
from there to rectangular components of polar vectors, and 
ultimately to the symbolic representation by the complex 
quantity. The present work is, however, broader in its 
scope, in so far as it comprises the fundamental principles 
not only of alternating, but also of direct currents. 

The second part is a series of monographs of the more 
important electrical apparatus, alternating as well as direct 
current. It is, in a certain respect, supplementary to " Al- 
ternating Current Phenomena.'* While in the latter work I 
have presented the general principles of alternating current 
phenomena, in the present volume I intended to give a 
specific discussion of the particular features of individual 
apparatus. In consequence thereof, this part of the book 
is somewhat less theoretical, and more descriptive, my inten- 
tion being to present the most important electrical apparatus 
in all their characteristic features as regard to external and 
internal structure, action under norma! and abnormal condi- 
tions, individually and in connection with other apparatus, etc. 

I have restricted the work to those apparatus which ex- 
perience has shown as of practical importance, and give only 

iU 



IV PREFACE, 

Ihosc theories and methods which an extended experience 
in the design and operation has shown as of practical utility. 
I consider this the more desirable as, especially of late years, 
electrical literature has been haunted by so many theories 
(for instance of the induction machine) which are incorrect, 
or t(K) complicated for use, or valueless in practical applica- 
tion. In the class last mentioned are most of the graphical 
mcth(Kls, which, while they may give an approximate insight 
in the inter-relation of phenomena, fail entirely in engineering 
practice owing to the great difference in the magnitudes of 
tiie vectors in the same diagram, and to the synthetic method 
of graphical representation, which generally requires one 
to start with the quantity which the diagram is intended to 
determine. 

I originally intended to add a chapter on Rectifying Ap- 
paratus, as arc light machines and alternating current recti- 
fiers, but had to postpone this, due to the incomplete state 
of the theory of these ai^ratus. 

The same notation has been used as in the Third Edition 
of " Alternating Current Phenomena," that is, vector quanti- 
ties denoted by dotted capitals. The same classification 
and nomenclature have been used as given by the report of 
the Standardizing Committee of the American Institute of 
Electrical Engineers. 
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L MAGNETISM AND ELECTRIC CURRENT. 

A magnet pole attracting (or repelling) another magnet 
pole of equal strength at unit distance with unit force * is 
called a unit magnet pole, ; . c. 

The space surrounding a magnet pole is called a mag- 
netic field of force, or magnetic field. 

The magnetic field at unit distance from a imit magnet 
pole is called a unit magnetic field, and is represented by 
one line of magnetic force (or shortly "one line") per cm*, 
and from a unit magnet pole thus issue a total of 4 tt lines 
of magnetic force. 

The total number of lines of force issuing from a magnet 
pole is called its magnetic flux. 

The magnetic flux * of a magnet pole of strength m is, 

At the distance R from a magnet pole of strength m, 

and therefore of flux <t = 4 ttw, the magnetic field has the 

intensity, 

^ tn 



3C = 



4.irl^^ I^ 



since the * lines issuing from the pole distribute over the 
area of a sphere of radius R, that is the area 4 irR^, 

* That is, at 1 cm distance with such force as to give to the mass of 1 gramme the 
acceleration of 1 cm per second. 
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A magnetic field of intensity JC exerts upon a magnet 
pole of strength m the force, 



/w JC* 

Thus two magnet poles of strengths m^ and m^ and dis-^ 
tance /?, exert upon each other the force, 

Electric currents produce magnetic fields alsa That is, 
the space surrounding the conductor carrying an electric 
current is a magnetic field, which appears and disappears 
and varies with the current producing it, and is indeed 
an essential part of the phenomenon called an electric 
current. 

Thus an electric current represents a magfietomotive 
force (M.M.F.). 

The magnetic field of a straight conductor, whose return 
conductor is so far distant as not to affect the field, consists 
of lines of force surrounding the conductor in concentric 
circles. The intensity of this magnetic field is proportional 
to the current strength and to the distance from the 
conductor. 

Since the lines of force of the magnetic field produced 
by an electric current return into themselves, the magnetic 
field is a magnetic circuit. Since an electric current, at 
least a steady current, must return into itself, an electric 
current flows in an electric circuit. The magnetic circuit 
produced by an electric current surrounds the electric 
circuit through which the current flows, and inversely. 
That is, the electric circuit and the magnetic circuit are 
interlinked with each other. 

Unit current in an electric circuit is the current which 
produces in a magnetic circuit of unit length the field inten- 
sity 4 TT, that is, produces per ctn' as many lines of force as 
issue from a unit magnet pole 
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In unit distance from an electric conductor carrying unit 
current, that is in a magnetic circuit of length 2 tt, the field 

intensity is ^^ = 2, and in the distance 2 the field intensity 

is unity. 

That is, unit current is the current which, flowing in a 
straight conductor, whose return conductor is so far distant 
as not to affect its magnetic field, produces unit field inten- Ujj 

sity in distance 2 from the conductor. 

One tenth of unit current is the practical unit, called -^ ^ ^ ^ 
07ie ampere. 

One ampere flowing in an electric circuit or turn, that 
is, one ampere-turn, thus produces in a magnetic circuit of 
unit length the field intensity, .4ir, and in a magnetic circuit 

of length / the field intensity '— , and $F ampere-turns pro- 
duce in a magnetic circuit of length / the field intensity : 




.4$F 
iK = — T- lines of force p>er cm-, 

regardless whether the $F ampere-turns are due to $F amperes 
flowing in a single turn, or one ampere flowing in iF turns, 

or - amperes flowing in n turns. 

IF, that is, the product of amperes and turns, is called 
magnetomotive force ( M . M . F. ) . 

The M.M.F. per unit length of magnetic circuit, or ratio : 

M.M.F. 



length of magnetic circuit 



is called the magnetizing force. 

Hence, M.M.F. is expressed in ampere-turns, magnetizing 
force in ampere-turtis per cm (or in practice frequently am- 
pere-turns per inch), field intensity in lines of magnetic force 



per cm^ 
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At distance R from the conductor of a loop or circuit of 
^ ampere-turns, whose return conductor is so far distant as 
not to affect the field, it is, 

M.M.F. = iF, 

length of magnetic circuit = 2 vR^ 
hence, magnetizing force, 

and, field intensity, 

The magnetic field of an electric circuit consisting of 
two parallel conductors (or any number of conductors, in a 
polyphase system), as the two wires of a transmission line, 
can be considered as the superposition of the separate fields 
of the conductors (consisting of concentric circles). Thus, 
if / amperes pass through a circuit consisting of two par- 
allel conductors (conductor and return conductor), at the 
distance d^ from the first and d^ from the second conduc- 
tor, the respective field intensities are, 

and 0. -2 / 

and the resultant field intensity, if « = angle between the 
directions of the two fields, 

Jl = VOii^-h ^*-f 2 OijCHj cos «, 
.2/ 



= ^\Ai" 4- ^a* -h 2 //i^cos 0,. 
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In the plane of the conductors, where the two fields are 
in the same, or opposite direction, the resultant field inten- 

where the plus sign applies to the space between, the minus 
sign the space outside of the conductors. 

The resultant field of a circuit of parallel conductors con- 
sists of excentric circles, interlinked with the conductors, 
and crowded together in the space between the conductors. 

The magnetic field in the interior of a spiral (solenoid, 
helix, coil) carrying an electric current, consists of straight 
lines. 

If a conductor is coiled in a spiral of / cm axial length 

N 
of spiral, and N turns, thus « = — turns per cm length of 

spiral, and / = current, in amperes, passing through the 
conductor, the M.M.F. of the spiral is 

IF =^/, 

and the magnetizing force in the middle of the spiral, as- 
suming the latter of very great length, 

thus the field intensity in the middle of the spiral or sole- 
noid, 

(H = .4 ttIF 

= .4 ^nl. 

Strictly this is true only in the middle part of a spiral 
of such length that the M.M.F. consumed by the external 
or magnetic return circuit of the spiral is negligible com- 
pared with the M.M.F. consumed by the magnetic circuit in 
the interior of the spiral, or in an endless spiral, that is a 
spiral whose axis curves back into itself, as a spiral whose 
axis is curved in a circle. 






J 

i 
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M M.F. IF applies to the total magnetic circuit, or part of 
the magnetic circuit. It is measured in ampere-turns. 

Magnetizing force / is the M.M.F. per unit length of 
magnetic circuit. It is measured in ampere-turns per cm. 

Field intensity 3C is the number of lines of force per 
cm*. 

If / = length of magnetic circuit or part of magnetic 
circuit, 



<F = ^ /=- 



X=.4^/ / = 



/ 
JC 



=^1.267/ /=.796JC. 

The preceding applies only to magnetic fields in air or 
other unmagnetic materials. 

If the medium in which the magnetic field is established 
is a " magnetic material," the number of lines of force per 
cm' is different and usually many times greater. (Slightly 
less in diamagnetic materials.) 

The ratio of the number of lines of force in a medium, 
to the number of lines of force which the same magne- 
tizing force would produce in air (or rather in a vacuum), is 
called the permeability or magnetic conductivity ft of the 
medium. 

The number of lines of force per cm* in a magnetic 
medium is called the magnetic induction (B. The number 
of lines of force produced by the same magnetizing force 
in air is called Xh^ field intensity ^. 

In air, magnetic induction (B and field intensity 3C are 
equal. 

As a rule, the magnetizing force in a magnetic circuit is 
changed by the introduction of a magnetic material, due to 
the change of distribution of the magnetic flux. 

The permeability of air = 1 and is constant. 
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The permeability of iron and other magnetic materials 
varies with the magnetizing force between a little above 1 
and about 4000 in soft iron. 

The magnetizing force/ in a medium of permeability ft 
produces the field intensity JC = .4 «•/ and the magnetic 
mduction (B = .4 i^y^f, 

EXAMPLES. 

(1.) To hold a horizontal bar magnet of 12 cm length, 
pivoted in its center, in a position at right angles to the 
magnetic meridian, a pull is required of 2 grams at 4 cm 
radius. What is the intensity of the poles of the magnet, 
and the number of lines of magnetic force issuing from each 
pole, if the horizontal intensity of the terrestrial magnetic 
field JC = .2, and the acceleration of gravity = 980 } 

As distance of the poles of the bar magnet may be 
assumed J of its length. 

Let m = intensity of magnet pole, r = 5 is the radius 
on which the terrestrial magnetism acts. 

Thus 2wJCr= ^m = torque exerted by the terrestrial 
magnetism. 

2 grams weight = 2 x 980 = 1960 units of force. These 
at 4 cm radius give the torque 4 x 1960 = 7840. 

Hence 2w = 7840. 

m = 3920 is the strength of each magnet pole and 

* = \irin = 49000, the number of lines of force issuing 
from each pole. 

(2.) A conductor carrying 100 amperes runs in the direc- 
tion of the magnetic meridian. What position will a com- 
pass needle assume, when held vertically below the conductor 
at a distance of 50 cm, if the intensity of the t \^:: c: tri: 1 
magnetic field is .2 } 

The intensity of the magnetic field of 100 amperes 50 cm 

•2/ o 100 , ^ ^. 
from the conductor is JC = —^ = .2 x -ir^ = .4, the direc- 

tion is at right angles to the conductor, that is at right 
angles to the terrestrial magnetic field. 



/ 
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If ^ = angle between compass needle and the north pole 
of magnetic meridian, / = length of needle, nt = intensity 
of its magnet pole, the torque of the terrestrial magnetism 
is 3C/»/sin <^ = .2i»/ sin <^, the torque of the current is 

.2/m/cos<l> 

iz = Am/ cos 9. 

I\ 

In equilibrium, .2 m/ sin <^ = .4 m/ cos <^, or tan <^ = 2, 
<l> = 63.4°. 

(3.) What is the total magnetic flux per / = 1000 m 
length, passing between the conductors of a long distance 
transmission line carrying / amperes of current, if ^/= .82 
cm is the diameter of the conductors (No. B. & S. G.), 
Z? = 45 cm their distance from each other ? 








Fig. 1. 

At distance x from the centsr of one of the conductors 
(Fig. 1), the length of the magnetic circuit surrounding this 
conductor is 2 rrx, the M.M.F. /ampere turns ; thus the mag- 
netizing force / = ^ — > and the field intensity 3C = .4 tt/ 

•2/ . ^ n ""^^ ^ ... .2//dx 
= — , and the flux m the zone ax is a^ = , and 

X X 

the total flux from the surface of the conductor to the next 
conductor is, 

D 

,' .2////JC 
9 



.2//riog.J%.2//log. 



2B 



/.' 



'' - <^- f.< -■■■■ , , - , 
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The same flux is produced by the return conductor in 
the same direction, thus the total flux passirvg between the 
transmission wires is, 

2* = .4//loge^ 

or per 1000 m = 10* cm length, 

2 * = .4 X 10»/log. -1^ = .4 X 10» X 4.70 = .188 x 10«/, 

or .188 / megalines or millions of lines per line of 1000 m 
of which .094 / megalines surround each of the two con- 
ductors. 

(4.) In an alternator each pole has to carry 6.4 millions 
of lines, or 6.4 ml (megalines) magnetic flux. How many 
ampere turns per pole are required to produce this flux, if 
the magnetic circuit in the armature of laminated iron has 
the cross section of 930 cm* and the length of 15 cm, the 
air-gap between stationary field and revolving armature has 
,95 cm length and 1200 cm* section, the field-pole has 26.3 
cm length and 1075 cm* section, of laminated iron, and the 
outside return circuit or yoke has a length per pole of 20 
cm and 2250 cm* section, of cast iron } 

The magnetic densities are, 

In armature (S^ = 6880 
In air-gap (Sk, = 5340 
In field-pole (Bj = 5950 
In yoke (S>, = 2850 

The permeability of sheet iron is fj^= 2550 at (Bj = 6880, 
fi^ = 2300 at (B3 = 5950. The permeability of cast iron is 
fjL^ = 280 at (B, = 2850. 

Thus the field intensity [oc = ^\ is, 3C^ = 2.7, OC^ = 5340, 
JC3 = 2.5, ac, = 10.2. ^ ^^ 

The magnetizing force (f= -r— ) is, /^ = 2.15, /, = 4250, 

f^ = 1.99,/^ = 8.13 ampere-turns per cm. 

Thus the M.M.F. (IF =//) is, iF, = 32, ^F^ = 4030, (F, 
= 52, (F, = 163, 
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or the total M.M.F. per pole, 

SF = SF, + JF, + ff, + £F, = 4 



ampere-turns. 



The permeability ^ of magnetic materials varies with the 
density (B, thus tables have to be used for these quantities. 
Such tables are usually made out for density <S> and mag- 
netizing force/, so that the magnetizing force/ correspond, 
ing to the density (B can directly be derived from the table. 
Such a table is given in Fig. 2. 
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2. MAGNETISM AND E.M.F. 

In an electric conductor moving relatively to a magnetic 
field, an E.M.F. is induced proportional to the rate of cutting 
of the lines of magnetic force by the conductor. 

Unit E,M.F, is the E.M.F. induced in a conductor cutting 
one line of magnetic force per second. 

10* times unit E.M.F. is the practical unit, called the 
volt. 

Coiling the conductor n fold increases the E.M.F. n fold, 
by cutting each line of magnetic force n times. 

In a closed electric circuit the E.M.F. produces an 
electric current. 

The ratio of E.M.F. to electric current produced thereby 
is called the resistance of the electric circuit. 

Unit resistance is the resistance of a circuit in which 
unit E.M.F. produces unit current. 

10* times unit resistance is the practical unit, called the 
ohm. 

The ohm is the resistance of a circuit, in which one volt 
produces one ampere. 

The resistance per unit length and unit section of a con- 
ductor is called its resistivity, p. 

The resistivity p is a constant of the material, varying 
with the temperature. 

The resistance r of a conductor of length /, section s, and 

. ^. .^ h 

resistivity p is r = — • 

If the current in the electric circuit changes, starts, or 
stops, the corresponding change of the magnetic field of the 
current induces an E.M.F". in the conductor conveying the 
current, which is called the E.M.F. of self-induction. 

If the E.M.F. in an electric circuit moving relatively to 
a magnetic field produces a current in the circuit, the mag- 
netic field produced by this current is called its magnetic 
reaction. 
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The fundamental law of self-induction and magnetic 
reaction is, that these effects take place in such a direction 
as to oppose their cause (Lentz's Law). 

Thus the E.M.F. of self-induction during a rise of current 
is in the opposite direction, during a decrease of current in 
the same direction as the E.M.F. producing the current. 

The magnetic reaction of the current induced in a circuit 
moving out of a magnetic field is in the same direction in 
a circuit moving into a magnetic field in opposite direction 
to the magnetic field. 

Essentially, this law is nothing but a conclusion from the 
law of conservation of energy, 

EXAMPLES. 

(1.) An electro magnet is placed so that one pole sur- 
rounds the other pole cylindrically as shown in Fig. 3, and 




a copper cyhnder reiolves between these poles with 3000 
revolutions per mmute What is the E.M.F. induced be- 
tween the ends of this cylmder, if the magnetic flux of the 
electro magnet is * = 25 ml ? 

During each revolution the copper cylinder cuts 25 ml. 
It makes 50 revolutions per second. Thus it cuts 50 x 25 
X 10" = 12.5 X 10* lines of maKnetic force per second. 
Hence the induced F,.M.F. is Y. = 12.5 volts. 
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(This is called "unipolar," or more properly "nonpolar" 
induction.) 

(2.) The field spools of the 20 polar alternator in sec- 
tion 1, example 4, are wound each with 616 turns of .106 
cm* section (No. 7 B. & S. G.) and 160 cm mean length of 
turn. The 20 spools are connected in series. How many 
amperes and how many volts are required for the excita- 
tion of this alternator field, if the resistivity of copper is 
1.8 X 10-^.? 

Since 616 turns on each field spool are used, and 4280 

4280 
ampere-turns required, the current is -ttt^ = 6.95 amperes. 

The resistance of 20 spools of 616 turns of 160 cm length, 
.106 cm* section, and 1.8 x 10^ resistivity is, 

20 X 616 X 160 X 1.8 X 10-« ^^ ^ ^ 
-r^r^ = oo.-J onms, 

.lUO 

and the E.M.F. required 6.95 x 33.2 = 230 volts. 



a INDUCTION OF KM.F.'S. 

A closed conductor, convolution or turn, revolvirg in a 
magnetic field, passes during each revolution through two 
positions of maximum inclosure of lines of magnetic force 
A in Fig. 4, and two positions of zero inclosure of lines of 
magnetic force B in Fig. 4. 

A B 




>♦ 




Fig. 4. 



Thus it cuts during each revolution four times the lines 
of force inclosed in the position of maximum inclosure. 
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If * = maximum number of lines of force inclosed by 
^he conductor, N = number of complete revolutions per 
second or cycles, and n = number of convolutions or turns 
of the conductor, the lines of force cut per second by the 
conductor, and thus the average induced E.M,F, is, 

E = \ Nn^ absolute units, 
= 4 ^«* 10-8 volts. 

If N is given in hundreds of cycles, 4> in ml, 

E = XNn^ volts. 

If a coil revolves with uniform velocity through a uni- 
form magnetic field, the magnetism inclosed by the coil is, 

4>cos ^ 

where * = maximum magnetism inclosed by the coil and 

^ = angle between coil and 

j;^^^^^^ its position of maximum in- 

closure of magnetism. (Fig. 
5.) 
= y*ooe^ The E.M.F. induced in 
^n-r_---=_^| the coil, which varies with 

the rate of cutting or change 
of * cos <^, is thus, 

e = Eq sin 4> 

where Eq is the maximum value of E.M.F., which takes 
place for ^ = 90°, or at the position of zero inclosure of 

magnetic flux. 

2 
• Since Avg. (sin <^) = -, the average induced E.M.F. is, 




Fig, 6, 




r? E = -Eq. 



^ ii r 



Since, however, we found above, 

E = -iJVn^ is the average induced E.M.F., 
it follows that 

Eq= lirNn^ is the maximum^ and 
e—1 irNn^ sin ^ the instantaneous induced E,M,F, 




c:3U-t^, c^y^ct^^ * ex. 






^y> 



n 



d 
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With uniform rotation the angle ^ is proportional to the 
time /, <^ = 2 TT, giving / = 1 / A", the time of one complete 
period, or revolution in a bipolar field, or 1 // of one revo- 
lution in a 2/ polar field. 

Thus, ^ = 1icNt 

e= 27rjy//*sin 2'irNt, 

If the time is n.jt counted from the moment of maximum 

inclosure of magnetic flux, but t^ = the time at this momen* , 

we have 

^ = 2 wJVn^ sin 2irN{t- t^ 

or, <r = 2 vNn^ sin (<^ — <^i). 

Where <^i = 2 irXt^ is the angle at which tlie position of 
maximum inclosure of magnetic flux takes place, and is 
called its phase. 

These E.M.F.'s are alternating. 

If at the moment of reversal the connections between 
the coil and the external circuit are reversed, the E.M.F. in 
the external circuit is pulsating between zero and E^ but 
has the same average value E. 

If a number of coils connected in series follow each other 
successively in their rotation through the magnetic field, as 
the armature coils of a direct current machine, and the con- 
nections of each coil with the external circuit are reversed 
at the moment of reversal of its E.M.F., their pulscting 
E.M.F/s superimposed in the external circuit make a more 
or less steady or continuous external E.M.F. 

The average value of this E.M.F. is the sum of the aver- 
age values of the E.M.F.'s of the individual coils. 

Thus in a direct current machine, if * = maximum fluy 
inclosed per turn, n = total number of turns in series fn m 
commutator brush to brush, and A''= frequency of rotation 
through the magnetic field. 

^ = 4 Aw* = induced E.M.F. (* in megalines, TV in ^ 
hundreds of cycles per second). 

This is X\iQ formula of direct current induction. 
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EXAMPLES. 

(1.) A circular wire coil of 200 turns and 40 cm mean 
diameter is revolved around a vertical axis. What is the 
horizontal intensity of the magnetic field of the earth, if at 
a speed of 900 revolutions per minute the average E.M.F. 
induced in the coil is .028 volts ? 

40«ir 

The mean area of the coil is — j— = 1255 cm*, thus the 

terrestrial flux inclosed is 1255 3C, and at 900 revolutions 
per minute or 15 revolutions per second, this flux is cut 
4 X 15 = 60 times per second by each turn, or 200 X 60 
= 12000 times by the coil. Thus the total niunber of lines 
of magnetic force cut by the conductor per second is 12000 
X 1255 3C = .151 X lO^OC, and the average induced E.M.F. 
is .151 3C volts. Since this is = .028 volts, 3C = .186. 

(2.) In a 550 volt direct current machine of 8 poles and 
500 revolutions, with drum armature, the average voltage 
per commutator segment shall not exceed 11, each arma- 
ture coil shall contain one turn only, and the number of 
commutator segments per pole shall be divisible by 3, so as 
to use the machine as three-phase converter. What is the 
magnetic flux per field-pole } 

550 volts at 11 volts per commutator segment gives 50, 
or as next integer divisible by 3, n = 51 segments or turns 
per pole. 

8 poles give 4 cycles per revolution, 500 revolutions per 
minute, or 500/60 = 8.33 revolutions per second. Thus 
the frequency is, N — \ X 8.33 = 33.3 cycles per second. 

The induced E.M.F. is ^: = 550 volts, thus by the for- 
mula of direct current induction, 

e = AiNn^ 
or, 550 = 4 X .333 x 51 * 

* = 8.1 ml per p>ole. 

(3.) What is the E.M.F. induced in a single turn of a 20- 
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polar alternator revolving at 200 revolutions per minute, 
through a magnetic field of 6.4 ml per pole ? 

The frequency is ^= ^^ ^ ^^ = 33.3 cycles. 

e ^ Eq sin ^ 
E^-2TrNn^ 
*== 6.4 

»=rl 

^=.333 

Thus, ^0 = 2 TT X .333 x 6.4 = 13.3 volts maxunum, or 

e = 13.3 sin <f>. 

4 EFFECT AND EFFECTIVE VALUES. 

The effect or power of the continuous E.M.F. E produ- 
cing continuous current I is P ^ E L 

The E.M.F. consumed by resistance r is -£*! = Ir, thus 
the effect consumed by resistance r is P =^ Pr. 

Either E^ = E, then the total effect of the circuit is con- 
sumed by the resistance, or E^^ < E, then only a part of the 
effect is consumed by the resistance, the remainder by some 
counter E.M.F. E — E^, 

If an alternating current i = /^ sin ^ passes through a 
resistance r, the effect consumed by the resistance is, 

Pr= /o« r sin« ,^ = :^ (1 - cos 2 4>), 

thus varies with twice the frequency of the current, between 
zero and /^r. 

The average effect consumed by resistance r is, 

Avg. (,v) = f: = ( ^)V. 

Since avg. (cos) = 0. 

Thus the alternating current / = /^ sin <^ consumes in a 
resistance r the same effect as a continuous current of 
intensity ^ 
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The value I = -^ is called the effective value oi the 

v2 

alternating current i = /^ sin ^, since it gives the same effect. 

E 
Analogously E = —^ is the effective value of the alternat- 
ing E.M.F. e = Eq sin <^. 

Since E^ = 2vNn^, it follows that 

= 4.44 iV>i*, 

the effective alternating E.M.F, induced in a coil of n turns 
rotating with frequency N (in hundreds of cycles) through 
a magnetic field of * megalines of force. 

This is thQfomtiila of alternating current induction. 
The formula of direct current induction, 

E = A:Nn^y 

holds also if the E.M.F. 's induced in the individual turns are 
not sine waves, since it is the average induced E.M.F. 
The formula of alternating current induction, 

E= \f2irNn4^, 

does not hold if the waves are not sine waves, since the 
ratios of average to maximum and of maximum to effective 
E.M.F. are changed. 

If the variation of magnetic flux is not sinusoidal, the 
effective induced alternating E.M.F. is, 

^ ^^ " y is called the ^^form factor'' of the wave, and depends 

^ upon its shape, that is the distribution of the magnetic flux 

in the magnetic field. ' ' •- /< 

EXAMPLES. 

(1.) In a star connected 20 polar three-phaser, revolving 
at 83.3 cycles or 200 revolutions per minute, the magnetic 
flux per pole is 6.4 ml. The armature contains one slot per 
pole and phase, and each slot contains 36 conductors. AH 
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these conductors are connected in series. What is the 
effective E.M.F. per circuit, and what the effective E.M.F. 
between the terminals of the machine ? 

Twenty slots of 36 conductors give 720 conductors, or 
360 turns in series. Thus the effective E.M.F. is, 

= 4.44 X .333 X 360 x 6.4 
= 3400 volts per circuit. 

The E.M.F. between the terminals of a star connected 
three-phaser is the resultant of the E.M.F.'s of the two 
phases, which differ by 60°, and is thus 2 sin 60° = VS times 
that of one phase, thus, 

^=^V3 

= 5900 volts effective. 

(2.) The conductor of the machine has a section of .22 
cm.* and a mean length of 240 cm. per turn. At a resis- 
tivity (resistance per unit section and unit length) of copper 
of p = 1.8 X 10~^ what is the E.M.F. consumed in the 
machine by the resistance, and what the energy consumed 
at 450 K.W. output t 

450 K.W. output is 150,000 watts per phase or circuit, 

150,000 
thus the current /= ~ <^ac\c\ ~ ^^-^ amperes effective. 

The resistance of 360 turns of 240 cm. length, .22 cm.* 
section and 1.8 X 10~* resistivity, is 

360 X 240 X 1.8 X 10-« _ ^ . . 

r = ^^ = .71 ohms per circuit. 

■ r 2 amps. X .71 ohms gives 31.5 volts per circuit and 44.2* 
X .71 = 1400 watts per circuit, or a total of 3 x 1400 
= 4200 watts loss. 

(3.) What is the self-induction per wire of a three-phase 
line of 14 miles length consisting of three wires No. 
(^/= .82 cm.), 45 cm. apart, transmitting the output of this 
450 K.W. 5900 volt three-phaser .? 
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450 K.W. at 5900 volts gives 44.2 amperes per line. 
44.2 amperes effective gives 44.2 V2 = 62.5 amperes maxi- 
mum. 

14 miles = 22300 m. The magnetic flux produced by 
/ amperes in 1000 m. of a transmission line of 2 wires 45 cm. 
apart and .82 cm. diameter was found in paragraph 1, ex- 
ample 3, as 2 * = .188 x 10«/, or * = .094 x lOVfor each 
wire. 

Thus at 22300 m and 62.5 amperes maximum it is per 

wire, 

* = 22.3 X 62.5 X .094 x 10« = 131 ml. 

Hence the induced E.M.F., effective value, at 88.3 
cycles is, 

= 4.44 X .333 X 131 
= 193 volts per line ; 

the maximum value is, 

£o = £ X V2 = 273 volts per line; 
and the instantaneous value, 

£= £o sin («^ - <^) = 273 sin (4> - «^; 

or, since <^ = 2 njVf = 210 /^ we have, 

e = 273 sin 210 (/ - l^). 

5. SELF-INDUCTION AND MUTUAL INDUCTION. 

The number of interlinkages of an electric circuit with 
the lines of magnetic force of the flux produced by unit 
current in the circuit is called the inductafice of the circuit. 

The number of interlinkages of an electric circuit with 
the lines of magnetic force of the flux produced by unit 
current in a second electric circuit is called the mutual in- 
diictaftce of the second upon the first circuit. It is equal to 
the mutual inductance of the first upon the second circuit, 
as will be seen, and thus called the mutual inductance be- 
tween the two circuits. 



' - /y^'^ 
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The number of interlinkages of an electric circuit with 
the lines of magnetic force of the flux produced by unit 
current in this circuit and not interlinked with a second 
circuit is called the self-inductance of the circuit. 

If / = current in a circuit of n turns, * = flux produced 

thereby and interlinked with the circuit, ;/* is the total 

n^ 
number of interlinkages, and Z = — 7- the inductance of the 

circuit. 

If * is proportional to the current / and the number of 
turns «, 

* = — , and Z = — the inductance. 
P P 

p is called the reluctance and ni the M.M.F. of the mag- 
netic circuit. 

The reluctance p has in magnetic circuits the same posi- 
tion as the resistance r in the electric circuit. 

The reluctance p, and thus the inductance, is constant 
only in circuits containing no magnetic materials, as iron, 
etc. 

If Pi is the reluctance of a magnetic circuit interlinked 
with two electric circuits of n^ and n^ turns respectively, the 

flux produced by unit current in the first circuit and inter- 

// 
linked with the second circuit is -- and the mutual induc- 

P\ 

tance of the first upon the second circuit, thus, M = -^— ^ 

Pi 

that is, equal to the mutual inductance of the second circuit 
upon the first circuit, as stated above. 

If Pi = p, that is, no flux passes between the two circuits, 
and Zj = inductance of the first, Zj = inductance of the 
second circuit and Af= mutujal inductance, then 

If Pi > p, that is, if flux passes between the two circuits, 
then AP < L^L^. 

In this case, the total flux produced by the first circuit 
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consists of a part interlinked with the second circuit also, 
the mutual inductance, and a part passing between the two 
circuits, that is, interlinked with the first circuit only, its 
self-inductance. 

Thus, if Zi and Z, are the inductances of the two cir- 

^1^ ( cuits, — and — is the total flux produced by unit current 

/ r \ m the first and second circuit respectively. 

L S 

Of the flux — a part — is interlinked with the first cir- 

M 
cuit only, and S^ called its self-inductance, and the part — 

interlinked with the second circuit also, where M = mutual 

^L^ S. M 
mductance, and — = f- 



V 



Thus, if. 



«i n^ «j 



Zi and Zj = inductance, 
S^ and S^ = self-inductance, 

M^ mjatual inductance of two circuits of n^ and 
«2 turns respectively, we have, 

fll «i //j //j «2 «j 

or, Zi = 6i4--i^/ Z2 = 5,4--i^ 

or, AP^iL^- 6i) (A - ^). 

The practical unit of inductance is 10' times the absolute 
unit or 10® times the number of interlinkages per ampere 
(since 1 amp. = .1 unit current), and is called the henry ; 
.001 of it is called the milhemy (mh). 

The number of interlinkages of / amperes in a circuit of 
Z henry inductance is iL 10* lines of force turns, and thus 
the E.M.F. induced by a change of current di in time dt is 

^ = — -J- ZIO' absolute units 
(It 

^. — -yL volts. 
at 



/ Lu^A^ - / ^"^ ^ — --'-' 
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A change of current of one ampere per second in the 
circuit of one henry inductance induces one volt. 



EXAMPLES. 

(1.) What is the inductance of the field of a 20 polar 
alternator, if the 20 field spools are connected in series, 
each spool contains 616 turns, and 6.95 amperes produces 
6.4 ml. per pole } 

The total number of turns of all 20 spools is 20 x 616 
= 12320. Each is interlinked with 6.4 X 10« lines, thus 
the total number of interlinkages at 6.95 amperes is 12320 
X 6.4 X 10«=78 X 10^ 

6.95 amperes = .695 absolute units, hence the number 
of interlinkages per unit current, or the inductance, is, 

78 X 10' ^''J*^ 

^-^— = 112 X 10» = 112 henrys. 




(2.) What is the mutual inductance between an alternat- 
ing transmission line and a telephone wire carried for 10 
miles below and 1.20 m. distant from the one, 1.50 m. dis- 
tant from the other conductor of the alternating line } and 
what is the E.M.F. induced in the telephone wire, if the 
alternating circuit carries 100 amperes at 60 cycles } 

The mutual inductance between the telephone wire and 
the magnetic circuit is the magnetic flux produced by unit 
current in the telephone wire and interlinked with the alter- 
nating circuit, that is, that part of the magnetic flux produced 
by unit current in the telephone wire, which passes between 
the distances of 1.20 and 1.50 m. 

At the distance x from the telephone wire the length of 

magnetic circuit is ^vx. The magnetizing force /=J5 — 

It irX 

if f = current in telephone wire in amperes, and the field 

.2/ 
intensity 3C = Atr/= — , and the flux in the zone dx, 
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thus, * = i — 

J 120 a: 



/ = 10 miles = 1610 x 10« cm. 
// 



dx 



1KA 

= 322 X 10»/log.^ = 72 /10« 

or, 72 /lO* interlinkages, hence, for /= 10, or one absolute 

unit, 
thus, if/"= 72 X 10* absolute units, = 72 x 10"' henrys = 

.72 mh. 

100 amperes effective or 141.4 amperes maximum or 
14.14 absolute units of current in the transmission line pro- 
duces a maximum flux interlinked with the telephone line of 
14.14 X .72 X 10-» X 10» = 10.2 ml. 

Thus the E.M.F. induced at 60 cycles is, 

E = 4.44 X .6 X 10.2 = 27.3 volts effective. 

& SELF-INDUCTION OF CONTINUOUS CURRENT 

CIRCUITS. 

Self-induction makes itself felt in continuous current 
circuits only in starting and stopping or in general changing 
the current. 

Starting of Current : 

li r= resistance, 

Z = inductance of circuit, 
£ = continuous E.M.F. impressed upon circuit, 
/ = current in circuit at time / after impressing 
E.M.F. jS, 

and di the increase of current during time moment dt, then 
Increase of magnetic interlinkages during time dt, 

Ldu 
E.M.F. induced thereby, 
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negative, since opposite to the impressed E.M.F. as its cause, 
by Lentz's law. 

Thus the E.M.F. acting in this moment upon the circuit 
is, 

^ + ^1 = ^ — Z^, 



and the current, 


1 






• 


E^-e^ 

r 


E-L 

r 


di 
dt 


or transposed, 


rdt 


di 






L 


. E 
t 

r 





The integral of which is, 

-^=log. ^/-^-log,r. 
Where — log, c = integration constant. 



This reduces to, 


1 










■ 


E 

r 


■^cC 


ri 
~ L 


at / = 0, / = 0, 


and thus, 

E 

r 


c. 







Substituting this value, 

I = — [1 — c""Z" J the current, 

ei=^ ir — E = ^ Et l the E.M.F. of self-induction. 
At / = 00 , 

r 
Substituting these values, 

/ = 4 (i - ri) 

The expression 7"o = — is called the " time constant of 
the circuit, ^^ 
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Substituted, in the foregoing equation, this gives, 



At / == 7^0, 



t_ 



<?i = = - .368 E. 



Stopping of Current : 

In a circuit of inductance L and resistance r, let a cur- 
rent \^ — be produced by the impressed E.M.F. E^ and 

this E.M.F. E be withdrawn and the circuit closed by a 
resistance r^ 

Let the current be i at the time / after withdrawal of the 
E.M.F. E and the change of current during time moment 
dt be di, 

di is negative, that is, the current decreases. 

The decrease of magnetic interlinkages during moment 

dt is, 

Ldi, 

Thus the E.M.F. induced thereby, 

.di 
'^=-^Jt 

negative, since di is negative and c^ must be positive or in 

the same direction as Ey to maintain the current or oppose 

the decrease of current as its cause. 

The current is then, 

._ ^1 __ L di 

^~ r-f-ri" " r -I- n ^ 
or transposed, 

L t 

the integral of which is 

- ^—j^ ^ = log' ^ - ^g^ 
where — log, c = integration constant. 
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This reduces to / = re IT^ 

for, /=0, ^ = - = r. 

r 

Substituting this value, we have, 

E J<r±iiil 

/ = — € L the current, 

r 

e^ = /(r + n) = -5-^^^c T- the induced E.M.F. 

E 
Substituting /^ = — , we have, 

t^ t^t L the current, < 

^1 = /i (r -f ri) € z, 'the induced E.M.F. 
At / = 0, 

That is, the induced E.M.F. is increased over the pre- 
viously impressed E.M.F. in the same ratio as the resistance 
is increased. 

When Tj = 0, that is, when in withdrawing the impressed 
E.M.F. E the circuit is short-circuited. 



la 




'V 



4' 



/ = — c z = /^)€ L the current, and V ^ 

_r_t __rt 

ei = E t z = i^rt L the induced E.M.F. 



In this case, at / = 0, ^^ = Ey that is, the E.M.F. does not 
rise. , 

r = 00 J that is, if in withdrawing the E.M.F. / 
is broken, we have, * 



f 

I 

/ 



#1^^^^ In the case, 
E t he circuit is 



at / = 0, ^i = 00 , thiat is, the E.M.F. rises infinitely. 

The greater r^ the higher is the induced E.M.E. ^j, the 
faster, however, e and / decrease. 
If fj = r, we have at / = 0, 

and. 



.^ 

f 
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that is, if the external resistance r^ equals the internal resist- 
ance r, in the moment of withdrawal of E.M.F. E the ter- 
minal voltage is E, 

The effect of the E.M.F. of self-induction in stopping 
the current is at the time /, 

thus the total energy of the induced E.M.F. 



W^ ^" it^dt 



..(.H-4--t^']:(-,-^).^ 



that is, the energy stored as magnetism in a circuit of cur- 
rent i^ and self-inductance Z, is, 

which is independent both of the resistance r of the circuit, 
and the resistance r^ inserted in breaking the circuit. This 
energy has to be expended in stopping the current. 

EXAMPLES. 

(1.) In the alternator field in section 1, example 4, sec- 
tion 2, example 2, and section 5, example 1, how long time 
after impressing the required E.M.F. E = 230 volts will it 
take for the field to reach, 

(a.) ^ strength, 
{b}) ^js strength ? 

(2.) If 500 volts are impressed upon the field of this 
alternator, and a noninductive resistance inserted in series 
so as to give the required exciting current of 6.95 amperes, 
how long after impressing the E.M.F. E = 600 volts will it 
take for the field to reach, 

(a,) i strength, 

(^•) A strength, 

(c.) and what is the resistance required in the rheostat? 
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pd (3.) If 500 volts are impressed upon the field of this 

alternator without insertion of resistance, how long will it 
take for the field to reach full strength ? 

(4.) With full field strength what is the energy stored 
as magnetism ? 

(1.) The resistance of the alternator field is 38.2 ohms 
(section 2, example 2), the inductance 112 h. (section 5, 

example 1), the impressed E.M.F. is -£" = 230, the final 

E 
value of current j'o == " == ^-^^ amperes. Thus the current 

at time /, i rt\ 

= 6.95 (1 - t-'^y 

m 

a.) i strength, ^* = h » hence (1 - c— ^') = .5 

«- «»' = .5, - .296 / = log. .5 = - .693 
after / = .234 seconds. 

^.) ^ strength : / = .9 /q, hence (1 — €*■•'') = .9, aftc 
e: 7.8 seconds. 

(2.) To get tQ = 6.95 amperes, with E =^ 500 volts, a 

resistance r= -—— = 72 ohms, and thus a rheostat of 72 

6.96 

\ — 33.2 = 38.8 ohms is required. 

We then have, 

*'='o(l-«~z) 
= 6.95 (1 - c--^. 

tf.) I = ^ , after / = .108 seconds. 

d,) i = .9 /q, after / = .36 seconds. 

(3.) Impressing E = 500 volts upon a circuit of r = 33.2, 
L = 112 gives, 

/=^(l-c-zO 

= 15.1 (1 - €-«»0 
/ = 6.95, or full field strength, gives, 
6.95 = 15.1 (1 - €- 2«9 
1 - €-^' = .46 

after / = 2.08 seconds. 
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(4.) The stored energy is, 

QL 6.9o« X 112 ^^^^ ^ . , 

-o- = Q = 2720 watt seconds or joules, 

= 2000 foot pounds. 

Thus in case (3), where the field reaches full strength in 

2.08 seconds, the average power input is -^-ttq = 960 foot 

pound seconds, = 1} H.P. 

In breaking the field circuit of this alternator, 2000 foot 
pounds have to be destroyed, in the spark, etc. 

(5.) A coil of resistance, r = .002 ohms, and inductance 
L = .005 milhenrys, carrying current / = 90 amperes, is 
short-circuited. 

a.) What is the equation of the current after short-circuit ? 

^.) In what time has the current decreased to ^ its initial 

value? 

_ ^ 
a.) i — It L 

= 90 €-^' 

b) i = .1 /, c "*»' = .1, after / = .00676 seconds. 

(6.) When short-circuiting the coil in example 5, an 
E.M.F. E ^ 1 volt is inserted in the circuit of this coil, in 
opposite direction to the current. 

a.) What is equation of the current ? 

^.) After what time has the current become zero ? 

^.) After what time has the current reverted to its initial 
value in opposite direction ? 

d^ What impressed E.M.F. is required to make the current 
die out in ^^^ second ? 

<f.) What impressed E.M.F. E is required to reverse the cur- 
rent in xxjVit second ? 

rt^.) If E.M.F. — ^ is inserted, and at time / the current 
is denoted by i, we have, 

..= -zJ- the induced E.M.F. 
at 
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thus, 



and, 



transposed, 



/It 

— ^ + <?! = - E " L— the total E.M.F. 

at 

. "E + e^ E Ldi . 

t ss = the current 

r r r at 



-'-.dt^ '^' 



r 



integrated. 



" Z "^ log. ("^ "*" 7 ^^^*^' 



where — log, c = mtegration constant. 

E 

At t=0, i = /, thus c^ I-\"- 

r 

substituted, 

i = 590 c-^* - 500. 

b) / = 0, €-*»«=: .85, after /= .000405 seconds. 

c.) /=-/=- 90, €-*»' = .694, after /= .00091 seconds. 

d.) if / = at / = .0005, then 

= (90 + 500 ^ c- * - 500 E, 

E == -^ — 3- = .81 volts. 

€•* — 1 

■ 4?.) if I =-/=:- 90 at / = .001, then, 

- 90 = (90 -h 500^ c- * - 500^, 

E = :l?(L±4i) = .91 volts. 

1 — €~* 

J 7. SELF-INDUCTION IN ALTERNATING CURRENT 

CIRCUITS. 

An alternating current / = I^ sin 2 irNt or / = /^ sin <^ 
can be represented graphically in rectangular coordinates by a 
curve line as shown in Fig. 6, with the instantaneous values 
/ as ordinates and the time /, or the arc of the angle corre- 
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i 



il 






spending to the time, ^ = 2 irNt as abscissae, counting the 
time from the zero value of the rising wave as zero point. 




Fig. e. 



If the zero value of current is not chosen as zero point 
of time, the wave is represented by, 

/ = /osin2irJV'(/-/o)» 
/ = /osin(<^- «^), 



or. 



where / = /^^ or ^ = <^o is the time and the corresponding 
angle, at which the current reaches its zero value in the 
ascendant. 

If such a sine wave of alternating current i = /© sin 
2iFNt or / = Iq sin ^, passes through a circuit of resistance 
r and inductance Z, the magnetic flux produced by the cur- 
rent and thus its interlinkages with the current, iL = I^L 







Pig. 7. 



sin ^, vary in a wave line similar also to that of the current, 
as shown in Fig. 7 as *. The E.M.F. induced hereby is pro- 
portional to the change of /Z, and is thus a maximum where 
iL changes most rapidly, or at its zero point, and zero where 
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r 



iL is a maximum. It is positive during falling, negative 
during rising current, by Lentz's Law. Thus this induced 

E.M.F. is a wave following the wave of current by the time 

T 1 

t=^-T* where T is time of one complete period, = ^rv, or by 

the angle <^ = 90°. 

This E.M.F. is called the counter E,M.F, of self-induc- 
tion. It is, 

^» ^dt 

= - 2 TTiVZ/o cos 2 irNt. 

It is shown in dotted line in Fig. 7 as e^. 

The quantity, iirNLj is called the reacta nce of the cir- 
cuit, and denoted by x. It is of the nature of a resistance, 
and expressed in ohms. 

If L is given in 10* absolute units or henrys, x appears 
in ohms. 

The counter E.M.F. of self-induction of current 

I = ^ sin 2 irNt = -^ sin <^ 
of elBFective value, 

7 = 



V2 



IS, 



ei = — xIq cos 2 irNt = — xl^ cos <^ 
of maximum value, 



xIq 
and effective value. 



~ ^ n A 



^ * *. * ■^. 'Y 



*^ 



^, = ^ = xl. 

yl2 



/,Xn(\/. 



-r 



That is, the effective value of the counter E.M.F. of 
self-inductance equals the reactance x times the effective I 
value of the current /, and is lagging 90° or a quarter period / 
behind the current. 

By the counter E.M.F. of self-induction, 

e^ = — xl^ cos ^ 



y 
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which is induced by the passage of the current / = /(, sin ^ 

through the circuit of reactance Xy an equal but opposite 

E.M.F. 

^2 = xIq cos ^ 

is consumed, and thus has to be impressed upon the circuit 
This E.M.F. is called the E,M,F. consumed by self-induction. 
It is 90° or a quarter period ahead of the current, and shown 
in Fig. 7 as drawn line e^. 

Thus we have to distinguish between counter E.M.F. of 
self-induction, 90° lagging, and E.M.F. consumed by self- 
induction, 90° leading. 

These E.M.F.'s stand in the same relation as action and 
reaction in mechanics. They are shown in Fig. 7 as ^^ and 
as ^2'. 

The E.M.F. consumed by the resistance r of the circuit 
is proportional to the current, 

e^ = ri = t/q sin ^, 

and in phase therewith, that is, reaches its maximum and its 
zero value at the same time as the current /, as shown by 
drawn line e^ in Fig. 7. 

Its effective value is Ey = rL 

The resistance can also be represented by a (fictitious) 

counter E.M.F., 

e( = — rlQ sin <^ 

opposite in phase to the current, shown as e^ in dotted 
line in Fig. 4. 

The counter E.M.F. of resistance and the E.M.F. con- 
sumed by resistance have the same relation to each other as 
the counter E.M.F*. of self-induction and the E.M.F. con- 
sumed by self-induction or reactance. 

If an alternating current i = /^ sin ^ of efifective value 

/ = —^ passes through a circuit of resistance r and induc- 

V2 

tance Z, that is, reactance x = 2irNL, we have thus to dis- 
tinguish : 
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E.M.F. consumed by resistance, e^ = rl^ sin <^, of efifect 
ive value E^ == r/, and in phase with the current. 

Counter E.M.F. of resistance, e^ = — rl^ sin <^, of 
effective value E^ = r/, and in opposition or 180° displaced 
from the current. 

E.M.F. consumed by reactance, e^ = xl^ cos <^, of effect- 
ive value E^ = xly and leading the current by 90° or a 
quarter period. 

Counter E.M.F. of reactance, e^ = — x/^ cos ^, of effect- 
ive value £,' = x/, and lagging 90° or a quarter period 
behind the current. 

The E.M.F.'s consumed by resistance and by reactance 
are the E.M.F.'s which have to be impressed upon the cir- 
cuit to overcome the counter E.M.F.'s of resistance and of 
reactance. 

The total counter E.M.F. of the circuit is thus, 

/ = ^/ + ^/ = ■" -^ (^ sin <^ -h ^ cos 4>) 

and the total impressed E.M.F., or E.M.F. consumed by 

the circuit, 

^ = ^1 -I- ^, = -^ (r sin ^ -t- a: cos <^). 
Substituting 

X . 

— = tan 0), and 

r 

from which follow 

X =i z sin (i>, r = £r cos cd, 

we have, 

total impressed E.M.F. 

e = zIq sin (<^ -f- <d), 

shown by heavy drawn line e in Fig. 7, and total counter 

E.M.F. 

/ = — zl^ sin (^ -h «), 

shown by heavy dotted line ^ in Fig. 7, both of effective 

value, 

e = zL 
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For <^ = — (I), ^ = 0, that is, the zero value of e is by 
angle w ahead of the zero value of current, or the current 
lags behind the impressed E.M.F by angle «>. 

0) is called the angle of lag of the current, and z 

= VTmT? the impedance of the circuit, e is called the 
E.M.F. consumed by impedance, ^ the counter E.M.F. of 
impedance. 

Since E^ = r/is the E.M.F. consumed by resistance, 
-^2 = Ar/is the E.M.F. consumed by reactance, 
and E = zl= \lr^ + jc* / is the E.M.F. consumed by 

impedance, 
we have, 

£ = ^£^ 4- Eiy the total E.M.F. 

and E^^ E cos cd 

E2= E sin (i> its components. 

The tangent of the angle of lag is, 

X 2irNL 
tan (I) := — = > 

r r 

and the time constant of the circuit is, 

L __ tan (0 

The total E.M.F. impressed upon the circuit, ^, consists 
of two components, one, e^y in phase with the current, the 
other one, e^ in quadrature with the current. 

Their effective values are, 

E^ E cos (I), E sin w. 



V 



EXAMPLES. 



(1.) What is the reactance per wire of a transmission line 
of length /, if rf = diameter of the wire, D = distance be- 
tween wires, and N = frequency } 

li / = current, in absolute units, in one wire of the trans- 
mission line, the M.M.F. is /, thus the magnetizing force in a 
zone dx at distance x from center of wire (Fig. 8) is/ = 
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5— *^and the field intensity in this zone is X = 4 tt/ = 215.^ ** 



Thus the magnetic flux in this zone, 



^^ nn ,^ 2////X 

X 



i 



1 



«^ 



hence the total magnetic flux between the wire and the 
return wire, 

2 2 

neglecting the flux inside the transmission wire. 




Ftg. 8. 



The coefficient of self-induction or inductance is thus, 

* 2D 

Z = -^ = 2 / log, —J- absolute units, 

= 2 / log, ?-^ 10-* henrys, 

2D 
and the reactance x= 2irNL = 47r^/log, —j- absolute units 

= 4 irNl log. ^ 10 -• ohms. 

(2.) The voltage at the receiving end of a 33.3 cycle 
transmission of 14 miles' length shall 1 c 5500 between the 



Ifh^o^.^ ^^ "- - 



,'V 



• ♦ i 



■=^ A 






^ "^ 



/ 



86 ELECTRICAL ENGINEERING. 

lines. The transmission consists of three wires, (No. 
//. & 5. G) (rf= .82 cm), 18" (45 cm.) apart, of resistivity p 
= 1.8 X 10-«. 

a.) What is the resistance, the reactance, and the impedance 
per line, and the voltage consumed thereby at 44 amperes flow- 
ing over the line ? 

h^ What is the generator voltage between lines at 44 am- 
peres flowing into a non-inductive circuit? 

r.) What is the generator voltage between lines at 44 am- 
peres flowing into a circuit of 45° lag ? 

//.) What is the generator voltage between lines at 44 am- 
peres flowing into a circuit of 45*^ lead ? 

Here, / = 14 miles = 14 x 1.6 x 10» = 2.23 x 10«cm. 

d = .82 cm. 
Hence section s = .528 cm*. 

Z> = 45 

I\r= 33.3 thus, 

. ^ . , ,. / 1.8 X 10-« x 2.23 X 10« 

a,) Resistance per line, r==p- = TTtos 

s U.oZo 

= 7.60 ohms. 

2£> 
Reactance per line, x = 4ir-A71og,-^ x 10"'= 4 7r x 3.33 

X 2.23 X 10« X log, 110 X 10-> = 4.35 ohms. 



The impedance per line s = Vr* H-;r* = 8.76 ohms. Thus 
if / = 44 amperes per line, 

E.M.F. consumed by resistance, JSi = r/= 334 volts. "^-^ 
E.M.F. consumed by reactance, JS^ = x/= 192 volts. ''' 
E.M.F. consumed by impedance, -5$ = z/= 385 volts. ^ 

^.) 6500 volts between lines at receiving circuit give 

6600 

— -p- = 3170 volts between line and neutral or zero point 
V3 

(Fig. 9), or per line, corresponding to a maximum voltage 
of 3170 ^f2 = 4500 volts. 44 amperes effective per line 
gives a maximum value of 44 V2 = 62 amperes. 
Denoting the current by, 

/ = 62 sin <^ 






"irr 



I'i 






yj-^; 



•• *f + ■• 







.^£a1^ -^ jy- (^ 



-><^ 



f^f^^SJ^f*^ 




n 



y2LA-^iu.<i^aA^c-C 
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the voltage per line at the receiving end with non-inductive 
load is ^ = 4500 sin ^. 

The E.M.F. consumed by re- 
sistance, in phase with the current, 
of effective value 334, thus maxi- 
mum value 334 V2 = 472, is, 

^1 = 472 sin <^. 

The E.M.F. consumed by re- 
actance, 90° ahead of the cur- 
rent, of effective value 192, thus 
maximum value 192 V2 = 272, is. 
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Fig, 9. 



J- 






e^ = 272 cos <^. 






Thus the total voltage required at the generator end of 
the line is, per line, 

« 

<ro = ^ H- ^1 -H <?2 = (4500 -f 472) sin 4> -{- 272 cos <^ 
= 4972 sin <^ -h 272 cos <^ 

272 
denoting Tq»fo = tan A we have, 

tznp 272 



5 



sin)3 = 



cos P = 



VI 4- tan« p 4980' 
1 4972 



Hence, 



Vl + tan«)3 4980 
^^ = 4980 (sin ^ cos fi -f- cos ^ sin fi) 
= 4980 sin (<^ -f )3). 



Thus P is the lag of the current behind the E.M.F. at 

the generator end of the line, = 3.2°, and 4980 the maximum 

4980 
voltage per line at the generator end, thus Eq = — -j=- 

= 3520, the effective voltage per line, and 3520 V3= 6100 

the effective voltage between the lines at the generator. 

c) If the current, 

/ = 62 sin <^ 

lags 45° behind the E.M.F. at the receiving end of the line, 
this E.M.F. is expressed by 



p 
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e = 4500 sin (<^ -h 45) = 3170 (sin ^ H- cos <^), 

that is, it leads the current by 45°, or is zero at ^ = — 45°. 
The E.M.F. consumed by resistance and by reactance 
being the same as in b), the generator voltage per line is, 

<r^, = <r -f <rj 4- <r, = 3W2 sin <^ -f- 3442 cos ^ 
denotmg otttq = tan )8, we have, 
^0 = 5011 sin (^ + )8). 

Thus fiy the angle of lag of the current behind the gen- 
erator E.M.F., is 43°, and 5011 the maximum voltage, hence 

3550 the effective voltage per line, and 3550 V3 = 6160 
the effective voltage between lines at the generator. 
d.) If the current 

/ = 62 sin ^ 

leads the E.M.F. by 45°, the E.M.F. at the receiving end is, 

€ = 4500 sin (<^ - 45) 
= 3170 (sin <^ — cos <^). 

Thus at the generator end 

<r,, = ^ -I- ^j + <rj = 3642 sin <^ - 2898 cos ^ 

2898 
denoting qTjt^ = tan )8, it is 

^0 = 4654 sin (<^ - p). 

Thus )8, the angle of lead at the generator, = 89°, and 
4654 the maximum voltage, hence 3290 the effective voltage 
per line and 5710 the effective voltage between lines at the 
generator. 

8. EFFECT OF ALTERNATING CURRENTS. 



The effect or power consumed by alternating current 

f = A sin <^, of effective value / = -^ , in a circuit of re- 

V2 

sistance r and reactance ^ = 2 vNLy is, 

/ = ei 
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where e = zl^ sin (<^ -f- w) is the impressed E.M.F. consisting 
of the components, 

e^ = tIq sin <^ the E.M.F. consumed by resistance, 
and €^=^ xIq cos <^ the E.M.F. consumed by reactance, 

and z = Vf* -h oi?" is the impedance, tan w = - the phase 

angle of the circuit. 

The effect is thus, 

/ = zl^ sin <^ sin (<^ -f- <«>) 

zl^ 
= -^ (cos <i> — COS (2 <^ 4- (I))) 

ml 

^ Zl^ (cos (i> — COS (^<^ -\- (I))). 

Since the average cos (2 <^ 4- w) = zero, the average 

effect is 

/*= ^/'coscu 

That is, the effect of the circuit is that consumed by the 
resistance, and independent of the reactance. 

Reactance or self-induction consumes no effect, and the 
E.M.F. of self-induction is a wattless E,M,F.^ while the 
E.M.F. of resistance is an energy E.M,F, 

The wattless E.M.F. is in quadrature, the energy E.M.F. 
in phase with the current. 

In general, if w = phase angle of circuit, / = current, 
E = impressed E.M.F., consisting of two components, one 
E^ = E cos 0), in phase with the current, the other, E^^ E 
sin <tf, in quadrature with the current, the effect of the cir- 
cuit is lE^ = IE cos CI), and the E.M.F. in phase with the 
current E^=^ E cos w is an energy E.M.F., the E.M.F. m 
quadrature with the current E^ = E sin w, a wattless E.M.F. 

Thus we have to distinguish energy E.M.F. and wattless 
E,M.F.y or energ}^ component of E.M.F., in phase with the 
current, and wattless component of E.M.F., in quadrature 
with the current. 

Any E.M.F. can be considered as consisting of two com- 
ponents, one in phase with the current or energy E.M.F. ^^ 
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and one in quadrature i*ith the current or wattless E.M.F. 
e^ The sum of instantaneous values of the two components 
is the total E,M.F. 

^ = ^1 -I- ^f 

If £, ^j, E^ are the respective eflfective \'alues, we have. 



E = yjE* -h E*, since 
Ei = E cos « 
Ej^ E sin « 

where « = phase angle between current and E.M.F. 

Analogously, a current / passing through a circuit of 
impressed E.M.F. E with phase angle w can be considered 
as consisting of two component currents, 

fi = I cos ctf, the erurgy current or energ}' component of cur- 

rent« and, 
^ = / sin a>, the wattless current or wattless component of 

current. 

The sum of instantaneous values of energy and of watt- 
less currents equals the instantaneous value of total current, 

... 

while their effective values have the relation. 

Thus an alternating current can be resolved in two com- 
ponents, energy current, in phase, and wattless current, in 
quadrature, with the E.M.F. 

An alternating E.M.F. can be resolved in two compo- 
nents, energy E.M.F., in phase, and wattless E.M.F., in 
quadrature, with the current. 

The efifect of the circuit is the current times the E.M.F. 
times the cosine of the phase angle, or is the energy current 
times the total E.M.F., or the energy E.M.F. times the 
total current. 



e. 
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EXAMPLES. 

(1.) What is the effect received over the transmission line 
in section 7, example 2, the effect lost in the line, the effect 
put into the line, and the efficiency of transmission with non- 
inductive load, 45° lag and 45** lead ? 

The effect received per line at noninductive load is P 
-^ET= 3170 X 44 = 137 K.W. 

On load of 45° phase displacement, P ^ E I cos 45° 
= 97 K.W. 

The effect lost per line P^ = PR = 44* x 7.6 = 14.7 
KW. 

Thus the input into the line P^^P -{-P^ = 151.7 K.W. 
at noninductive load, 

and =111.7 K.W. at load of 45° phase displacement. 

The efficiency is with noninductive load, 

P 14 7 

With load of 46° phase displacement, 

P 14 7 

The total output is 3 /^ = 411 K.W. and 291 K.W., 
respectively. 

The total input 3 P,, = 451.1 K.W. and 335.1 K.W., 
respectively. 

9. POLAR CO-ORDINATES. 

In polar co-ordinates, alternating waves are represented, 
with the instantaneous values as radii vectors, and the time 
as angle, counting left-handed or counter clockwise, and one 
revolution or 360° representing one complete period. 

The sine wave of alternating current i = /« sin <^ is 
represented by a circle (Fig. 10) with the vertical axis as 
diameter, equal in length O/^ to the maximum value I^ and 
<ihown as heavy drawn circle. 
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The E.M.F. consumed by self-induction, <-, = jr^cos ^ 
is represented by a circle with diameter OE^ in horizontal 
direction to the right, and equal in length to the maximum 
value, xl^ 

Analogously, the counter E.M.F. of self-induction E^ is 
represented by a circle O E^^ in Fig. 10, the E.M.F. con- 
sumed by resistance r by circle OE^ of a diameter = E^ 
= r/jp the counter E.M.F. of resistance E^ by circle O E^, 







Fig. 10. 



The counter E.M.F. of impedance is represented by 

circle OE' of a diameter equal in length to E\ and lagging 
180 — (i> behind the diameter of the current circle. This 
circle pases through the points E^ and E^', since at the 
moment ^ = 180°, ^/ = 0, and thus the counter E.M.F. of 
impedance equals the counter E.M.F. of reactance / = ^/, 
and at <^ = 270°, r/ = 0. and the counter E.M.F. of impe- 
dance equals the counter E.M.F. of resistance e' = ^/. 

The E.M.F. consumed by impedance or impressed E.M.F. 
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is represented by circle O £ of 3. diameter equal in length 
to Ef and leading the diameter of the current circle by 
angle w. This circle passes through the points £^ and E^ 

An alternating wave is determined by the length and 
direction of the diameter of its polar circle. The length is 
the maximum value or intensity of the wave, the direction 
the phase of the maximum value, generally called the phase 
of the wave. 

Usually alternating waves are represented in polar co- 
ordinates by mere vectors, the diameters of their polar 
circles, and the circles omitted, as in Fig. 11. 




«^ 



F^ 



Two E.M.F.'s, e^ and e^ acting in the same circuit, give a 
resultant E.M.F. e equal to the sum of their instantaneous 
values. In polar co-ordinates ^^ and e^ are represented in 
intensity and in phase by two vectors, OE^^ and OE^, Fig. 
12. The instantaneous values in any direction OX 2iTC the 
projections Oe^, Oe^ of O E^ and OE^ upon this direction. 

Since the sum of the projections of the sides of a paral- 
lelogram is equal to the projection of the diagonal, the sum 
of the projections Oe^ and Oe^ equals the projection Oe ol 
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OH, the diagonal of the parallelogram with OE^ and O E^ 

as sides, and O E \% thus the diameter of the circle of re- 
sultant E.M.F. 

That is, 

In polar co-ordinates alternating sine waves of E.M.F., 
current, etc., are combined and resolved by the parallelo- 
gram or polygon of sine waves. 

Since the e ffective values a re proportional t o the ma xi- 
mum values, the former are generally used as the length of 
vector of the alternating wave. In this case the instantane- 




Fig. 12. 

ous values are given by a circle with V2 times the vector as 
diameter. 

As phase of the first quantity considered, as in the above 
hislancc the current, any direction can be chosen. The 
further quantities are detormincHl thereby in direction or 
phase. 

In polar co-ordinates, as phase of the current, etc., is 
here and in the folUnving understiKxl the time or the angle 
of its vector, that is, the time (^f its maximum value, and a 
airrent of phase zero would thus be denoted analytically by 
I = /;, cos <A. 
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T he zero vector O A is generally chosen for the most 
frequently used quantity or reference quantity, as for the 
current, if a number of E.M.F.'s are considered in a circuit 
of the same current, or for the E.M.F., if a number of cur- 
rents are produced by the same E.M.F., or for the induced 
E.M.F. in induction apparatus, as transformers and induc- 
tion motors, or for the counter E.M.F. in synchronous 
apparatus, etc. 

With the current as zero vector, all horizontal compo- 
nents of E.M.F. are energy E.M.F.'s, all vertical components 
are wattless E.M.F.'s. 

With the E.M.F. as zero vector, all horizontal components 
of current are energy currents, all vertical components of 
currents are wattless currents. 

By measurement from the polar diagram numerical value^ 
can hardly ever be derived with sufficient accuracy, since \ 
the magnitude of the different quantities entering the same \ 
diagram is usually by far too different, and the polar diagram 1 
is therefore useful only as basis for trigonometrical or other 
calculation, and to give an insight into the mutual relation I 
of the different quantities, and even then great care has to / 
be taken to distinguish between the two equal but opposite / 
vectors: counter E.M.F. and E.M.F. consumed by the / 
coimter E.M.F., as explained before. / 

EXAMPLES. 

In a three-phase long distance transmission, the voltage 
between lines at the receiving end shall be 6000 at no load, 
5600 at full load of 44 amperes energy current, and propor- 
tional at intermediary lo«ids ; that is, 6250 at \ load, etc. 
At } load the current shall be in phase with the E.M.F. at 
the receiving end. The generator excitation and thus the 
(nominal) induced E.M.F. of the generator shall be main- 
tained constant at all loads. The line has the resistance 
r^ = 7.6 ohms and the reactance x^ = 4.35 ohms per wire, 
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the generator in Y connection per circuit the resistance 
r, = .71, and the (synchronous) reactance x^ = 26 ohms. 
What must be the current and its phase relation at no load, 
i load, \ load, J load, and full load, and what will be the 
terminal voltage of the generator under these conditions ? 

The total resistance of the circuit is, r = r^ -h r^ = 8.31 
ohms. The total reactance, :r = jr^ -h :r, = 29.35 ohms. 




Fig. 13. 



Let, in the polar diagram. Fig. 13 or 14, OE ^ E repre- 
sent the voltage at the recei\ing end of the line, 01^ = I^ 
the energ}- current corresponding to the load, in phase with 



r 




Flf. 14, 



OE. and O/^ = /, the wattless current in quadrature with 
0~E. shown loading in Fig. 13. lagging in Fig. 14. 

We then have, total current / — 01, 

Thus E.M.F. oonsumevl by resistance. O f\ = r/in phase 
with /. E.M.F. cv>nsumc\l by reactance OE^^xf^ 90** 



> 
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ahead of /, and their resultant the E.M.F. 'consumed by im- 
pedance O E^ 



O E^ combined with O E^ the receiving voltage, gives the 
generator voltage O E^ 

Resolving all E.M.F/s and currents in components in 
phase and quadrature with the received voltage E^ we have, 



Phase 


Quadrature 


Component. 


Component. 


Ix 


/. 


E 





riy 


rL 


X/2 


-xl. 



Current 

E.M.F. at receiving end of line E = 
E.M.F. consumed by resistance E^ = 
E.M.F. consumed by reactance E^ = 
Thus total E.M.F. or generator voltage 

Eq = E -\- E^-\- E^= E -\- rI^-{- x/^ rl^ — xl^ 

Herein the wattless lagging current is assumed as posi- 
tive, the leading as negative. 

The generator E.M.F. thus consists of two components, a V K L& 
which give the resultant value, 

substituting numerical values, this becomes, 

^0= V(^ 4- 8.31 7i -h 29.35 I^Y -f (8.31 I^ - 29.35 I^f ; 
at I load it is, 

KV7K 

E = — — = 3090 volts per circuit 

V5 

/i = 33, 7, = 0, thus, 

^0 = V(3090 4- 8.3T x~33)« -f (29.35 x 33)« = 3520 volts 
per line or 3520 x V3 = 6100 volts between lines, 
as (nominal) induced E.M.F. of generator. 

Substituting these values, we have, 



3520 = V(^ -h 8.31 /i 4- 29.35 /^V 4- (8.31 1^ - 29.35 1;)\ 
The voltage between the lines at receiving end shall be : 



r 
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No i 4 I Fuix 
Load. Load. Load. Load. Load. 

Voltage between lines, 6000 6126 6260 6375 6600 

Thus, voltage per line, -i- V3, ^ = 2880 2960 3020 3090 8160 
The energy currents per line 

are, 7^= 11 22 38 44 

herefrom we get by substituting in above equation 

No i I i Fuix 
Load. Load. Load. Load. Load. 

Wattless current, /j = 21.6 16.2 9.2 — 9.7 

hence, the total current, 

7= V/i* -h li = 21.6 19.6 23.9 38.0 46.06 
and the power factor, 

^=scos<0s 61.0 92.0 100.0 98.0 

the lag of the current, 

«= 90° 69^ 23^ V -ll.e» 

the generator terminal voltage per line is, 



= %I{E 4- 7.6 /i 4- 4.36 /,)« + (7.6 /, - 4.36/0« 
thus: 



No i I I Full 
Load. Load. Load. Load. Load. 



^ 



\ "~ 



Per line, ^.= 2980 3106 3228 3344 3463 

Between lines, Bf^^ 6200 6400 6600 6800 6000 

that is, at constant excitation the generator voltage rises 
with the load, and proportional thereto. 



10. HYSTERESIS AND EFFECTIVE RESISTANCE. 

If an alternating current ^/ = /, in Fig. 16, passes 
through a circuit of reactance x = 2 irNL and of n^Iigible 

resistance, the magnetic flux produced by the current, (9* 
= *, is in phase with the current, and the E.M.F. induced 
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by this flux, or counter E.M.F. of self-induction, (?£"" = E'" 
= xl, lags 90° behind the current. The E.M.F. consumed 
by self-induction or impressed E.M.F. OE"^E"=xI is 
thus 90° ahead of the current. 



4 



« 

■<>- 



••I 



/ 



\ 



Inversely, if the E.M.F. OE" = E" is impressed upon a 
circuit of reactance x = 2irNL and of negligible resistance, 

the current 01^ I^ — lags 90° behind the impressed 

E.M.F. 

This current is called the ex- 
citing or magnetizing current of 
the magnetic circuit, and is watt- 
less. 

If the magnetic circuit contains 
iron or other magnetic material, 
energy is consumed in the mag- 
netic circuit by a frictipnal resist- 
ance of the material against a 
change of magnetism, which is 
called molecular magnetic friction. 

If the alternating current is the 
only available source of energy in 
the magnetic circuit, the expendi- 
ture of energy by molecular mag- 
netic friction appears as a lag of 
the magnetism behind the M.M.F. 
of the current, that is, as magnetic 
hysteresis, and can be measured 
thereby. 

Magnetic hysteresis is, how- 
ever, a distinctly different phenomenon from molecular mag- 
netic friction, and can be more or less eliminated, as for in- 
stance by mechanical vibration, or can be increased, without 
changing the molecular magnetic friction. 
/ In consequence of magnetic hysteresis, if an alternating 

E.M.F. OE'' = E" is impressed upon a circuit of negligible 



vF 



Fig, 16, 
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resistance, the exciting current, or current producing the 
magnetism, in this circuit is not a wattless current, or current 
of 90° lag, as in Fig. 16, but lags less than 90°, by an angle 
90 — a, as shown by (?/ = / in Fig. 16. 




Fig. 16. 



B 



/ 



Since the magnetism O^ = ^ \ 
is in quadrature with the E.M.F. \ 
-£" due to it, angle a is the phase j 
difference between the magnetism 
and the M.M.F., or the lead of the 
M.M.F., that is, the exciting cur- 
rent, before the magnetism. It is called the an^/e of 
hysteretic lead. 

In this case the exciting current 01 ^ I can be 

resolved in two components, the magnetising current 

01^=^ /j in phase with the magnetism {?* = *, that 

is, in quadrature with the E.M.F. OE'' = £", and 

thus wattless, and the magnetic energy current or hysteresis 

cnrrcfit 01^ = /^ in phase with the E.M.F. ~0E^ = £f\ or 

in quadrature with the magnetism (9* = *. 

Magnetizing current and magnetic energy current are 
the two components of the exciting current. 

If the alternating circuit contains besides the reactance 
X = lirNL, a resistance r, the E.M.F. O E'' = E' in the 
preceding Fig. 15 and Fig. 16 is not the impressed E.M.F., 
but the E.M.F. consumed by self-induction or reactance, 
and has to be combined, Figs. 17 and 18, with the E.M.F. 
consumed by the resistance, OE ^ E = Ir^ to get the im- 
pressed E.M.F. O E ^ E, 

Due to the hysteretic lead a, the lag of the current is 
less in Figs. 16 and 18, a circuit expending energy in mole- 
cular magnetic friction, than in Figs. 15 and 17, a hysteresis- 
less ciraiit. 

As seen in Fig. 18, in a circuit whose ohmic resistance 
is not negligible, the magnetic energy current and the mag- 
netizing current are not in phase and in quadrature respec- 
tively with the impressed E.M.F., but with the counter 
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E.M.F. of self-induction or E.M.F. consumed by self-induc- 
tion. 

Thus the magnetizing current is not quite wattless, as 



) 





'jt> "«-^- 






>v 



- ..\. 



•^ ■ • /- . ^^■y\\- 



] 



obvious, since energy is consumed by this current in the 
ohmic resistance of the circuit. 

Resolving, in Fig. 19, the impressed E.M.F. OE = E m 
two components, 0E^ = E^ in phase, and OE^^ E^ in 
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quadrature with the current 01=^1, the energy E.M.F. 
(?^, = Ej is greater than E ^ Ir^ and the wattless E.M.F. 
OE^ = E^ less than -£"" = /r. 



.». '^ 
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£ cncrsrv E.Al.F. 

The value / = V = i-^-v — - — -\- is called the effective 

I total current '" 

, J E^ wattless E.M.F. . ,, _ 

reststanccy and the value ;r = -^ = ^ ^ , -— is called 

/ total current 

the apparent or effective reactafice of the circuit. 

Due to the loss of energy by hysteresis (eddy currents, 
etc.), the effective resistance differs from, and is greater 
than, the ohmic resistance, and the apparent reactance is less 
than the true or self-inductive reactance. 

The loss of energy by molecular magnetic friction per 
cm* and cycle of magnetism is approximately, 

where (B = the magnetic induction, in lines of magnetic 

force per cm', 

W= energ)', in absolute units or ergs per cycle (= 10 ~^ 

watt seconds or joules), and 17 is called the coefficient of 

hysteresis. 

In soft annealed sheet iron or sheet steel, rj varies from 
1.25 X 10"' to 4 X 10~', and can in average, for good ma- 
terial, be assumed as 2.5 x 10~'. 

The loss of p<:)wer in volume V, at magnetic density (B 
and frequency A\ is thus, 

r= /^Vt;iB>« X 10-" watts 

and, if /= exciting current, the hysteretic effective resist- 
ance is, 

If the magnetic induction (B is proportional to the cur- 
rent /, it is, 

_ AN 

that is, the effective hysteretic resistance is inversely pro- 
portional to the .4 power of the current, and directly pro- 
portional to the frequency. 
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Besides hysteresis, eddy- or Foucault currents contrib- 
ute to the effective resistance. 

Since at constant frequency the Foucault currents are 
proportional to the magnetism inducing them, and thus 
approximately proportional to the current, the loss of power 
by Foucault currents is proportional to the square of the 
current, the same as the ohmic loss, that is, the effective 
resistance due to Foucault currents is approximately con- 
stant at constant frequency, while that of hysteresis de- 
creases slowly with the current. 

Since the Foucault currents are proportional to the fre- 
quency, their effective resistance varies with the square of 
the frequency, while that of hysteresis varies only propor- 
tionally to the frequency. 

The total effective resistance of an alternating current 
circuit increases with the frequency, but is approximately 
constant, within a limited range, at constant frequency, de- 
creasing somewhat with the increase of magnetism. 

EXAMPLES. 

A reactive coil shall give 100 volts E.M.F. of self- 
induction at 10 amperes and 60 cycles. The electric circuit 
consists of 200 turns (No. 8 B. & S. G.) (s = .013 sq. in.) of 
1<3" mean length of turn. The magnetic circuit has a sec- 
tion of 6 sq. in. and a mean length of 18", of iron of hyster- 
esis coefficient 17 = 2.6 x 10 '. An air gap is interposed 
in the magnetic circuit, of a section of 10 sq. in. (allowing 
for spread), to get the desired reactance. 

How long must the air gap be, and what is the resist- 
ance, the reactance, the effective resistance, the effective 
impedance, and the power factor of the reactive coil } 

200 turns of 16" length and .018 sq. in. section at 
resistivity of copper of 1.8 x 10~® have the resistance, 

1.8 X 10-« X 200 X 16 



r, = 



= .175 ohms 



' ■" .013 X 2.54 

where the factor 2.54 reduces from inches to cm. 
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^ = 100 volts induced, 
iV'= 60 cycles, and 
n = 200 turns, 

the maximum magnetic flux is given by £" = 4.44 iV^«* 

Of, 100 = 4.44 X .6 X 200 *, 

as, ^ = .188 ml. 

This gives in an air gap of 10 sq. in. a maximum density 
(B = 18,800 lines per sq. in. or 2920 lines per cm^. 

Ten amperes in 200 turns give 2000 ampere turns ef- 
fective or IF = 2830 ampere turns maximum. 

Neglecting the ampere turns required by the iron part 
of the magnetic circuit, 2830 ampere turns have to be con- 
sumed by the air gap of density, (B = 2920. 

Since 

_ 4 7r$F 
® = 10 / ' 

the length of the air gap has to be 

^" lOlB " 10 X 2920 " ^'^-^ ^^'' ""' **^ • 

At 6 sq. in. section and 1 8" mean length the volume of 
iron is 180 cu. in. or 1770 cm''. 

The density in the iron (Bi= — \ — = 31330, lines per 



sq. in., or 4850 lines per cm^. 

At hysteresis coefficient 17 = 2.5 x 10"^ and density (Bj = 
4850, the loss of energy per cycle and cm^ is 

W = 17®!^ « 

= 2.5 X 10-« X 4850i« 
= 2220 ergs, 

and th^ ''hysteresis loss at iV= 60 cycles and the volume V 
= 1770 is thus, 

Z' = 60 X 1770 X 2220 ergs per sec. 
= 23.5 watts. 
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which at 10 amperes represent an effective hysteretic 
resistance, 

r- = — — = .235 ohms. 
* 10« 

Hence the total effective resistance of the reactive coil is, 

r = ri 4- r, = .175 -f .235 = .41 ohms. 

The effective reactance is, 

jc = y = 10 ohms. 

Thus the impedance, 

z = 10.01 ohms, 
and the power factor, 

The total volt-amperes of the reactive coil are, 

Pz = 1001. 
The loss of power : 

Pr = 41. 



/tL 
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The charge of an electric condenser is proportional to 
the impressed voltage and to its capacity. 

A condenser is called of unit capacity if unit current 
flowing into it during one second produces unit difference 
of potential at its terminals. 

The practical unit of capacity is that of a condenser in 
which one ampere flowing during one second produces one 
volt difference of potential. 

The practical unit of capacity equals 10~"' absolute unito. 
It is called a farad. 

One farad is an extremely large capacity, and one mil- 
lionth of one farad is commonly used, and called one micro- 
farad, mf . 
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If an alternating E.M.F. is impressed upon a conden- 
ser, the charge of the condenser varies proportionally to the 
E.M.F., and thus current flows into ihe condenser during 
rising, out of the condenser during decreasing E.M.F., as 
shown in Fig. 20. 

That is, the current consumed by the condenser leads 
the impressed E.M.F. by 90°, or a quarter of a period. 




Flq. 20. 

If iV= frequency, E = effective alternating E.M.F. im- 
pressed upon a condenser of C. mf capacity, the condenser 
is charged and discharged twice during each cycle, and the 

time of one complete charge (t discharge is thus, — — • 

4yv 

Since •^ V2 is the maximum voltage impressed upon 
the condenser, an average of CE V2 10~' amperes would 
have to flow during one second to charge the condenser to 

this voltage, and to charge it during -p- seconds, thus an 

average current of 4 XC£ V2 10~' amperes is required. 

effective current w 

Since = ^ .- 

average current 2 v2 

the effective current /=2w.Vr/f 10~"*, that is, at an impressed 
E.M.F of E effective volts and frequency J\\ a condenser of 
C mf capacity consumes a current of, 

/= 2 tXCE 10 ~^ amperes effective, 

which current leads the terminal voltage by 90° or a quarter 
period, or inversely, 
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10* 
The value Xq = ,-^ is called the capacity reactance of 

the condenser. 

Due to the energy loss in the condenser by dielectric 
hysteresis, the current leads the E.M.F. by somewhat less 
than 90°, and can be resolved into a wattless charging cur- 
rent and a dielectric hysteresis current^ which latter, how- 
ever, is so small as to be generally negligible. 

The capacity of one wire of a transmission line is, 

_ l.llxlO-«x/ , 

^= 2n~'^' 

21og._ 

where 

d = diameter of wire, cm, 

D =: distance of wire from return wire, cm, 

/ = length of wire, cm, 
1.11 X !()"•= reduction coefficient from electrostatic units to mf. 

The logarithm is the natural logarithm, thus in common 
logarithm, since log, a = 2.303 logio^, the capacity is, 

^ .25 X 10-«x/ ^ 



logio 



d 






y^ The derivation of this equation must be omitted here. 
The charging current (i a line wire is thus, 

7=2 irNCE 10-«, 
where 

N = the frequency, 

E = the difference of potential, effective, between the line 
and the neutral (J? = ^ line voltage in a single-phase, 

or four-wire quarterphase system, — p line voltage, or 

K voltage, in a three-phase system). 



\ 
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In the transmission line discussed in the examples in 
§§ 7, 8, and 9, what is the charging current of the line at 
6000 volts between lines and 33.3 cycles? How many 
volt amperes does it represent, and what percentage of the full 
load current of 44 amperes is it ? 

The length of the line is, per wire, / = 2.23 x 10* cm. 
The distance between wires, 2> = 45 cm. 

The diameter of transmission wire, d = .82 cm. 
Thus, the capacity, per wire, 

log..--r 

The frequency is, iV= 33.3, 

The voltage between lines, 6000. 

Thus per line, or between line and neutral point, 

E^^^= 3460. 
V3 

Hence the charging current per line, 

/o=2 7riV(C^10-« 
= .195 amperes, 
or .443% of full-load current, 

that is, negligible in its influence on the transmission 
voltage. 

The volt-ampere input of the transmission is, 

3 1^ = 2000 

= 2.0A'r^. 

12. IMPEDANCE OF TRANSMISSION LINES. 

Let r = resistance, 

jc = 2 irNL = reactance of a transmission line, 
^Q= alternating E.M.F. impressed upon the line, 

/ = current flowing over the line, 
E ^ E.M.F. at receiving end of the line, and 

ctf s angle of lag of current / behind P^.M.F. E. 
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Fig. 21. 



«u< thus denotes leading, «> lagging current, and 
««»=0 a noninductive receiver circuit. 

The capacity of the transmission line shall be considered 
as negligible. 

Assuming the current 0/ = / as zero in the polar dia- 
gram Fig. 21, the E.M.F. E is 
represented by vector OE, ^ 
ahead of 01 by angle «. The 
E.M.F. consumed by resistance 
r is OEi=Ei== Ir in phase with 
the current, and the E.M.F. con- ^» 
sumed by reactance x is OE^ 
=E^-=/x, 90^ ahead of the cur- 
rent, thus the total E.M.F. con- 
sumed by the line, or E.M.F. consumed by impedance, is 
the resultant OE^oi OE^ and OE^ and is E^^Iz. 

Combining OE^ and OE gives OE^ the E.M.F. im- 
pressed upon the line. 

Denoting tana = — the lag angle of the line impedance, 
it is, trigonometrically, 

OE^^OJ^^-EE^ - 20E^y. EE^cos OEE^. 

Since 

EE^ — OE^ = A, 

E^ = E^-\' rr -f 2EIz cos (a - w), 



we have, 



= (^ -h Izf - 4 EIz sin 



2 



a — o> 



and 



=v/ 



a — 0) 



{E -f Izf - ^EIz sin* — — , 



and the drop of voltage in the line. 



a — Q> 



E^-E= \j(E + Izf - 4 EIz sin* ^ 



-E. 
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That is, the voltage E^ required at the sending end of a 
line of resistance r and reactance jr, delivering current / at 
voltage Ey and the voltage drop in the line, do not depend 
upon ciurent and line constants only, but depend also upon 
the angle of phase displacement of the current delivered 
over the line. 

If a) = 0, that is noninductive circuit, 



E^^^'{E -h Izf - AEIzsm^^, 

that 'is less than E-^Is, and thus the line drop less than fz. 
If a)=a, Eq is a maximum, =£'-!- /^ and the line drop is 
the impedance voltage. 




rig. 22. 



With decreasing a>, E^ decreases, and becomes = E ; 
that is, no drop of voltage takes place in the line at a certain 
negative value of w, which depends not only on z and a, but 
on E and /. Beyond this value of w, ^o becomes smaller 
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than E ; that is, a rise of voltage takes place in the line, clue 
to its reactance. This can be seen best graphically. 

For the same E.M.F. E received, but different phase 
angles «, all vectors OE lie on a circle g with O as center. 
Fig. 22. Vector OE^ is constant for a given line and given 
current /. 




mil 



Fig. 23. 



Since E^E^ = OE = constant, E^ lies on a circle e^ with 
£*, as center and OE = E rs radius. 

To construct the diagram for angle w, OE is drawn 
under angle a> with O/, and EEq parallel to OE^. 

The distance E^E^^ between the two circles on vector 
OEq is the drop of voltage (or rise of voltage) in the line. 



As seen in Fig. 23, E^ is maximum in the direction OE^ 
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as OE^^ that is for w=o, and is less for greater as x^cl , 
OE^ as smaller angles w. It is =-£" in the direction C 



u 



in which case w<(?, and minimum in the direction OE^ . 

The values of E corresponding to the generator voltages 
El, E;', El", Er are shown by the points E E' E!" E"" 
respectively. The voltages El' and El'" correspond to a 
wattless receiver circuit E" and E!"\ For noninductive 
receiver circuit OE!"" the generator voltage is OEI"" . 

That is, in an inductive transmission line the drop of 
voltage is maximum and equal to Is, if the phase angle » of 
the receiving circuit equals the phase angle a of the line. 
The drop of voltage in the line decreases with increasing 
difference between the phase angles of line and receiving 
circuit. It becomes zero if the phase angle of the receiving 
circuit reaches a certain negative x'alue (leading current). 
In this case no drop of voltage takes place in the line. If 
the current in the receiWng circuit leads more than this 
>'alue a rise of voltage takes place in the line. Thus by 
varying phase angle •► of the receiving circuit, the drop of 
voltage in a transmission line with current / can be made 
anything between /j and a certain n^;ati\-e >'alue. Or in- 
>-crscly the same drop of voltage can be produced for differ- 
ent values of the current / by xTurying the phase angle. 

Thus« if means are provided to >*ar}' the jdiase angle of 
the receiving circuit, by producing hgging and leading 
currents at will (as can be done by synchronous motors or 
converters) the voltage at the receiWng circuit can be main- 
tained cvHistant within a certain range irrespective of the 
load and generator \*oltage. 

In Fig. 24 let OE^E the receiving voltage, / the energj- 
current flowing owr the line, thus OE^^E^-/:: the E.M.F. 
consumed by the impedance of the energj* current consist- 
ing of the RM.F. consumevi bv resistance cTfj and the 
E.M.F. consumed by reactance (^J^^ 

Wattless currents arc rT*«^>^<»n :cvl in the diatom in the 
direction OA when bgy ^ wlien kadii^. The 
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E.M.F. consumed by impedance of these wattles > currents is 
thus in the direction r,' at right angles to OE^. Combining 
OE^ and OE gives the E.M.F. OE^ which would be required 
for noninductive load. If E^ is the generator voltage, E^ lies 
on a circle e^ with OE^ as radius. Thus drawing E^E^ par- 




allel to ei gives OE^ the generator voltage, 0E^= H^E^ 
the E.M.F. consumed by impedance of the wattless current, 
and proportional thereto 01' = r the wattless current re- 
quired to give at generator voltage E^ and energy current /, 
the receiver voltage E. This wattless current /' lags be- 
hind E^ by less than 90 and more than zero degrees. 

In calculating numerical values, we can either proceed 
trigonometrically as in the preceding, or algebraically by 
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resolving all sine waves in two rectangular components, for 
instance, a horizontal and vertical component, in the same 
way as in mechanics when combining forces. 

Let the horizontal components be counted positive 
towards the right, negative towards the left, and the verti- 
cal component positive upwards, negative downwards. 

Assuming the receiving voltage as zero line or positive 
horizontal line, the energy current / is the horizontal, the 
wattless current /' the vertical component of current. The 
E.M.F. consumed by resistance is horizontal component with 
the energy current / and vertical component with the watt- 
less current /', and inversely the E.M.F. consumed by 
reactance. 

We have thus, as seen from Fig. 24. 

Receiver voltage E, 

Energ)' current, /, 

Wattless current, /', 

E.M.F. consumed by resistance r 
of energy current, /r, 

E.M.F. consumed by resistance r 
of wattless current /V, 

E.M.F. consumed by reactance x 
of energ)' current, Ix\, 

E.M.F. consumed by reactance x 

of wattless current, /'.r, ± fx 

Thus, total FL.M.F. required or im- 
pressed E.M.F., Eq, E -{- Ir ± I'x ±/V — A^ 

hence, conbined, 

ito = Vci" -f /r ± I'xY -f (± /V - Lx)\ 

or expanded, 
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From this equation /' can be calculated, that is, the watt- 
less current found which is required to give E^ and E at 
energy current /. 
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The lag of the total current in the receiver circuit behind 
the receiver voltage is 

tan o» = —• 

The lead of the generator voltage ahead of the receiver 

voltage is 

^ __ vertical component of E^ 

~ horizonal component of -fib 

_ ± /V - Ix 

'^ E-\'Ir ±rx' 

and the lag of the total current behind the generator volt- 
age is 

As seen, by resolving into rectangular components the 
phase angles are directly determined from these components. 

The resistance voltage is the same component as the 
current to which it refers. 

The reactance voltage is a component 90® ahead of the 
current. 

The same investigation as made here on long-distance 
transmission applies also to distribution lines, reactive coils, 
transformers, or any other apparatus containing resistance 
and reactance inserted in series into an alternating current 
circuit. 

EXAMPLES. 

1. In an induction motor, at 2000 volts impressed upon 
Its terminals, the current and the power factor, that is, the 
cosine of the angle of lag, as function of the output, arj as 
L,iven in Fig. 25. 

The induction motor is supplied over a line of resistance 
r=2.0 and reactance ;r=4.0. 

a) How must the generator voltage r„ be varied to main, 
tain constant voltage 4'= 2000 at the motor terminals, and 

b) At constant generator voltage rj>=2300, how will the 
voltage at the motor terminals vary. 
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a = Va^ + x" = 4.472 



= 2. 



= 63.4°. 



cos <u =s power factor, 
and i taken from Fig. 25 and substituted, gives a) the values 
of <■„ for ^=2000, recorded on attached table, and plotted in 
Fig. 25. 
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rit- is. 
b) At generator voltage c^ the terminal voltage of motor 
is f = 2000, the current /, the output P. Thus at generator 
voltage *■(,' = 2300, the terminal voltage of motor is. 



and the power. 



IMPEDANCE OF T/IANSMISSWA' L/.VES. 



The values of /, i', P' are recorded in the second part 
of attached table under b) and plotted on Fig. 26. 
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12.0 


84.3= ■ 


2048 


0. 


13,4.5 


2240 


6 


13.8 


1%^" 


2065 


S.2G 


14.05 


ii?A 


10 


lae 


62.6" 


2060 


12.4 


16.00 


2230 


16 


14.8 


54.6' 


2065 


18.6 


10.4 


2220 


20 


16.8 


47.0° 


2071 


24,4 


18.0 


2216 




20,0 


37.8" 


2084 


8«t.3 


22.0 


2200 


40 


2.1.0 


32.8° 


2003 


48.0 


27,-i 




60 


80,0 


26.0" 


2110 


59.6 


:ia,7 


2180 




40.0 


26.8" 


2146 


78.5 


42.8 


21K0 


102 


60.0 


24 5= 


2216 


110.2 




2080 


132 


80,0 


26.8" 


229* 


131.0 


79.5 


1090 


160 


100.0 


28.4° 


2862 


140.0 


06.4 


1928 




120.0 




2476 




111,5 


1860 


200 


160.0 


86,9" 


2618 


155. 


132,0 


1700 
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2.) 0\er a line of resistance r=2,0 and reactance x= 
6,0, power is supplied to a recei\Tng circuit at constant volt- 
age of <■= 2000. How must the voltage at the beginning of 
the line, or generator voltage, r, be ^-aried, if at no load the 
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nr. tr. 

reci'iving circuit consumes a wattless current of 4=20ani- 
ivrvs. this w-jtiless current decreases with the increase <rf 
load, that is. of energ\' current /,. becomes 4=0 at »\=50 
am)M:Te$. and then inonrase:s a^oin at the same rate as lead* 
ins '.'"rrt'nt ? 

The wattless current. 

■^ ^ •.>> at :", = <\ 
J, -= t' Jt t't = .V. 
antl V.IH K- rei>resentv>l !>\ , 

-'. ■ 1 I -[10-'^' = -'^^ --*-:: 
the s'^ner.tl emuiion ot the tninsiuissk'n'tne is, 
.-. \^;. V . v^' + KV^^vS 

1 n UTS 4,! 
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hence, substituting the value of /j, 



^0 = V(2120 - .4 ^)« + (40 - 6.8 /'O* 
= V4,496,000 + 46.4 i^ - 2240 \, 

Substituting successive numerical values for /j, gives the 
values recorded on attached table, and plotted in Fig. 27. 
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2120 


20 


2116 


40 


2112 


60 


2128 
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2168 
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2176 


120 


2213 


140 


2256 


160 


2308 


180 


2365 


200 


2430 
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13. ALTERNATING CURRENT TRANSFORMER. 



The alternating current transformer consists of one mag- 
netic current interlinked with two electric circuits, the pri- 
mary circuit which receives energy, and the secondary circuit 
which delivers energy. 

Let rj=resistance, ;ri= 2irA^Si = self-inductive reactance 
of secondary circuit. 

r^= resistance, Xq=- 27rA^5o= self-inductive reactance of pri- 
mary circuit. 

Where S^ and S^ refer to that magnetic flux which is 

interlinked with the one, but not with the other circuit. 

T 1 ^- r secondary ^ . • r 

Let fl=equal ratio of — turns (ratio of trans- 
primary 

formation). 

An alternating E.M.F. E^^ impressed upon the primary 
electric current causes a current to flow, which produces a 
magnetic flux * interlinked with primary and secondary cir- 
cuit This flux * induces E.M.F.'s E^ and E^ in secondary 



? 6 



h > f^^- 



\^> 



hLECTRICAl. EXGIXF.EKIXG. 



and in primar)' circuit, proportional «ith each other by the 

ratio of turns, E,=—- 
a 

Let f^secondary terminal voltage, /t=secondarj- cur- 
rent, «,=lajj of current /, behind terminal voltage E (where 
•t, ^ denotes leading currenti. 

Denoting then in Fig. "21* by a \ector OE=E the sec- 
undary terminal voltage. 07, = f., is the secondarj- current 
lagging by angle EO/='tf 




.^.-■' 



A. 



The E-M.l-'. vvusxime.! by the secondary resstance r^ is 
I \-V = .T,' = /.'■, in ph.i>e wi:h ,".. 

The K.M.F. cvisui^iiv N ::;e secondary reactance x, is 
^^\^- .'■',■ =;.!., l>0' .iheav- i^: .*., Thus the E,M.F- con- 
sunK\i b\ ;hc sivoniLi: v iraixslanco ;^~ Nr,*-!- x,'is the re- 
s«::.»;i: ,•; i'.-\ .cid i','-'. .or i"."". =.V,"=/,5,. 

. \'' , v\t.i1v.ikM \vi;b ;iK- •.cnv.in-i \oltage C*E^E gii-cs 
the Si-ivniluy in>i»!itxl 1" M K i\-, = .",. 

I'lo-jV". noiu; iSeiv;o b\ ;he r.i:;o o! turns and in |^se 
therew.ih is :be F MK, in>'.Uv-\\! in :he primary- 0£i=E, 

wheu- .-■.= ■'"'- 
.} 
I'o ^n^^«^v K.M.F\ .••; and /-V the ma^etic flux <?•-♦ is 
n\i«irt\J. l>0' iiiuMd i>l ^ \-\ .Mul t \% To prodace flux ♦ the 
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M.M.F. of $F ampere turns is required, as determined from 
the dimensions of the magnetic circuit, and thus the primary 
current /q^, represented by vector 01^ leadin<( O^ by angle 
a, the angle of hysteretic advance of phase. 

Since the total M.M.F. of the transformer is given by 
the primary exciting current I^ corresponding to the sec- 
ondary current /j a component of primary current /', which 
may be called the primary load current, flows opposite thereto 
and of the same M.M.F., that is, of the intensity r=al^, thus 
reprcsjntc:! by vector Or = r=^aIy 

01^, the primary exciting current, and the primary load 
current 0I\ or component of primary currer.t corresponding 
to the secondary current, combined, give the total primar)' 
current 01^=1^ 

The E.M.F. consumed by resistance in the primary is 
OE^^E^^I^r^ in phase with I^, 

The E.M.F. consumed by the primary reactance is OE^' 
= ir;^ V^ OO^head of 01^. _ 

OE^ and OE^' combined give 0E,^'\ the E.M.F. con- 
sumed by the primary impedance. 

Equal and opposite to the primary induced E. M.F. OE^ 
is the component of primary E.M.F*. consumed thereby 0E\ 

OE' combined with OE^" gives OEq=Eq, the primary 
impressed E.M.F., and angle *^o=Eq 01^ the phase angle of 
the primary circuit. 

Figs. 29, 30, artd 31 give the polar diagrams for Wj = 45° 
or lagging current, aj,=zcro or noninductive circuit, and ajj = 
— 45° or leading current. 

As seen, the primary impressed E.M.F. E^ required to 
produce the same secondary terminal voltage E at the same 
current /^ is larger with lagging or inductive, smaller with 
leading current than on a noninductive secondary circuit, or 
inversely at the same secondary current /^ the secondary 
terminal voltage E with lagging current is less, and with / 
leading current, more than with noninductive secondary/ 
circuit, at the same primary impressed E.M.F. E^ 



\ 
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The calculation of numerical x-alues is not practicable by 
measurement from the diagram, since the magnitudes of 
the different quantities are too different. E^ : E{' \E^\E^ 
being frequently in the proportion 1 : 10 : 100 : 2000. 
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y = H5 



jy 



nf.29. 



C >.vV^>* 



Trigonometrically, the calculation is thus : 
In triangle OEEy Fig. 28, we have, 
writing, 

tan ^ = * *, 



\ X 



also. 



hence. 



0£,^ = OE* + EE\ - 2 OiE^iE-iEj cos OEEa 

XOEE,=^ 180- ^ + %h: 

AV = A' + AV + 2/r/,*, cos ^^i - tO- 



This gives the sc\n>ndary induced E.M.F., JEj,and there- 
from the primary inducc\l K.M.R 



E. 



A\ 
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In triangle EOE^, we have, 

sin E^ OE -I- sin E^EO = EE^ 
thus, writing 

We have, 



^1^; 



^E,OE^P,, 



sin ft -i-sin (<^ — a)i) = I^z 
4 



£i, 





't; 



tO, -t o 



j.f ^ : 



I . 



' ^AJ-'^^AJ^.^ 



Fig. 30. 



£> 



7 




•(* 



\c 



■?■ »■ 



fi " 



r 
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-/ 



f/g. 37. 



therefrom we get 

-^ ft and ^ E^O/^ = a> = a>i + ft, 

the phase displacement between secondary current and sec- 
ondary induced E.M.F. 

In triangle, OlyJ^ we have, 



C ^-^' 



'1 



* ■ 



oj; = o/oo + /o»/o - 2 oy„ /o„/. cos o/o„/„ 
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since 

^ E^O^= 90", 

and 

-^A)= / = a/i- 

O/^ = /^= exciting current, 

calculated from the dimensions of the magnetic circuit 

Thus, 

/o' = /oo* + aVi« + 2 a/1/00 sin (<--i- a), 

the primary current. 

In triangle O/^ /^ we have 



sin /^O/si ^ sin O/qo/© = /o,/© -i- O/^ 

writing 

^/oo6>/o = )8o 
this becomes 

sin )8o -*- sin (01 -f- a) = a/, -f /© ; 

therefrom we get ^8^,, and thus 

^^'0/o = do = 90-a-)8o. 
In triangle (9^' E^ we have 

0^0' = 0E''''\- E^^ - 2 OE'We^ cos O^^o. 



wntmg 



we have 



tan <^o = - ' 



^0 



^ 6>^'^o = 180 - *o -f 8, 

a 



thus, 



E Eq= /^^ 



OL it 



the impressed E.M.F. 
In triangle, 0£' E^ is 



sin E" OEo -J- sin O^^o = ^^0 -*- O^o; 



A 






N^ - /^>-<?^ 
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thus, writing, 

we have 

sin y -^ sin (<^ — d) = /;^o -f- ^q; 

herefrom we get ^ y, and 

^ oio = ^ + y, 

the phase displacement between primary current and im- 
pressed E.M.F. 

As seen, the trigonometric method of transformer calcu- 
lation is rather complicated. 

Somewhat simpler is the algebraic method, of resolving 
into rectangular components. 

Considering first the secondary circuit, of current I^ lag- 
ging behind the terminal voltage E by angle a>j. 

The terminal voltage E has the components E cos w^ in 
phase, E sin oi^ in quadrature with and ahead of the current I^ 

The E.M.F. consumed by resistance r^ I^r^, is in phase. 

The E.M.F. consumed by reactance ;ri, I^x^y is in quad- 
rature ahead of /j. 

Thus the induced secondary E.M.F. has the components, 

E cos 1 -f I^r^ in phase, 

^ sin <i>i -f- /i^ in quadrature ahead of the current 7i, 

and the total value : 

E^ = V(^ cos u^ + /jrO' -f {E sin o^ -f /i V» 

and the phase angle of the secondary circuit is : 

^ sin a>i + /lATi 

tano) = -^ f -' 

E cos cDj -|- J^r^ 

Resolving all quantities into components in phase and in 
quadrature with the induced E.M.F. E^y or in horizontal and 
in vertical components, chosing the magnetism or mutual 
flux as vertical axis, and denoting the direction to the right 
and upwards as positive, to the left and downwards as nega- 
tive, we have, / 



/ 
/ 
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Horizontal Vertical 
Component. Componbnt. 

Secondary current Ti, — -^ cos <d — -^ sin « 

Seecondary induced E.M.F., E^, "~ -^a ^ 

Primary induced, or counter, E.M.F., 

a a 

Primary E.M.F. consumed thereby, 

E'^--E, -f— 

a 

Primary load current, I'^ — al^ -f-^-^cos,o) -f-<i-^sinw 

Magnetic flux *, * 

Primary exciting current, I^ consist- 
ing of hysteresis current, 7^ sin a 
Magnetizing current, ■ ^ - /oo cos a 

Hence, total primary current, /q, 

Horizontal Component. Vertical Component. 

alx cos >Bb-f- /oo sin a al^ sin \ih -|- -^ cos a 

E.M.F. consumed by primary resistance /©, Eq^I^q in phase 
with Iq^ 

Horizontal Component. Vertical Component. 

r^/z/i COS 0) -f /o^sin a r^flA sin « -f- ^o/io cos a 

// 
E.M.F. consumed by primary reactance Xq^ E^^ I^^^ 90** 

ahead of /), 

Horizontal Component. Vertical Component. 

x^I'^^ sin w -|- jCq/qo cos a — x^Iy^ cos cu — ^o^sin a 

Ex 
E.M.F. consumed by primary induced E.M.F., Ef ^ —y 

Thus, total primary impressed E.M.F., E^, 

Horizontal Component. 

E 

— -I- a/i (r^ cos CO -f .To sin w) -f- yj„ (r^ sin a -f- jCq cos a). 
a 

Vertical Component. 

al^ (tq sin o> — j^q cos «) -f- ^('o cos a — j^gsin a), 
or writing, tan <^o = — » 



since 




^0 
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A, 
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. /. ~ ) 
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substituting this value, horizontal component of Ey 



0* 



E^ 

-^ + aa^/icos (« — <^) -I- sb^) sin (a + ^, 

vertical component of E^ 

flJi/i sin (ft) — <^) -I- 2r(/oo cos (a -f ^), 

and, total primary impressed E.M.F., 

The total primary current is, by combining its two 
components, 



I^ = V(a/i cos w -h -^ sin a)" 4- (a/j sin o) -|- Tio cos a)^ 



= a/^Y/r4.?^sin(a> + a) + ^,. 



Since the tangent of the phase angle is the ratio of 
vertical component to horizontal component, we have, 
primary E.M.F. phase. 



uVi sin (a, - <^) 4- 2'o/oo cos (a -f *b) . _ / "-''■ - ^ '• ■ ' 
— ^ -f tf^o/i cos (w- <^o) •+- ^o/ooSin (a - ^) ^ f ^ - ., .' 

I 

primary current phase, 

al^ sin o) -f- /w cos a V * . * • 

tan 1^ = — i^ - — — \r — ~ — » " 

alxCO^ w -f /qo sm a 






and lag of primary current behind impressed E.M.F., 

7 . CO 

t 

EXAMPLES. 

^^^ 1). In a 20 K.W. transformer the ratio of turns is, 

20 -I- 1, and 100 volts is produced at the secondary terminals 

(b K at full loa4 What is the primary current at full load, and 
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ff 
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.r, 



^r 



78 



ELECTRICAL ENGINEERING. 



t 
f 



the regulation , that is, the rise of secondary voltage from 
full load to no load, at constant primary voltage, and what 
is this primary voltage ? 

a), at noninductive secondary load, 

b), with tiO"" lag in the external secondary drcuit, 

c), with 60° lead in the external secondary circuit. 

The exciting current is .5 amperes, the hysteresis loss 
600 watts, the primary resistance 2 ohms, the primary 
reactance 5 ohms, the secondary resistance .004 ohms, the 
secondary reactance .01 ohm. 

P^xciting current and hysteresis loss may be assumed 
as constant. 

GOO watts at 2000 volts give .3 amperes magnetic energy 
current, hence V.5*— 8'' = .4 amperes magnetizing current. 



v-c 



We have thus, 



w .Vf ■ . ' 



.Ty = 5 



r^ = .004 
.V, = .01 



l^ cos a = .3 
^ sin a = .4 



/ 



dr = .05 =- -^ 



1. Secondary current as horizontal axis, — 





NoNiNn»i:TiVK, 


LAr,, 


••t = — 60®. 




••, = 0. 


«» = + eoo. 


HoK. 


Vkkt. 


HOR. 


Vbrt. 


HoK. 


Vbrt. 


Secondarv current, 
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200 





200 





200 





Secondary terminal 














voltap:c, E . . . 


100 





50 


-86.0 


.'SO 


+ 86.6 


Resistance voltage, 














Ixrx 


.8 





.8 





.8 





Reactance voltage, 














/,.n 





-2.0 





-2.0 





-2.0 


Secondarv induced 














K.M.r.. /ii. . . 


lfMl.8 


-2.0 


60.8 


-88.6 


60.8 +84.6 

1 


Secondary induced 








K.M.F., total . . 


100.80^ 


102.1.3 


08.68 


tan w 


+ .0108 


+ 1.74ri 


- l.tJ66 


(tf 


+ 1.1° 


+ 60.2" 


-69.0® 
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2. Magnetic flux as vertical axis, — 



Secondary induced 
C..M.F., Ex 

Secondary current, 
Ix 

Primary load cur- 
current, /'= — <z/j 

Primary exciting 
current, /» . . 

Total primary cur- 
rent, /o . 

Primary resistance, 
voltage, /oro . . 

Primary reactance, 
voltage, Ato . . 

E.M.F. consumed 
by primary coun- 
ter E.M.F.;— . 
a 

Total primary im- 
pressed E. M. F. E^ 



NONINOUCTIVB, 
••1=0. 


HOR. 


Vbrt. 


-100.80 





-200 


-4 


+ 10 


+ .2 


.3 


.4 


+ 10.3 


+ .G 


20.6 


1.2 


3.0 


-61.3 


2016 





2039.6 


-50.1 



Lac;, 
-i = + «>°. 



HoR. 



-102.13 
-99.4 
+ 4.97 
.3 



Vhrt. 




-172.8 
+ 8.64 
.4 



+ 5.27 : + 9.04 



10.54 
45.20 



2042.6 



2098.34 



18.08 
-26.35 







Lrad, 
«, = - tiO^. 



Hor. 



- 08.08 

-103 

+ 5.16 

.3 

+ 6.46 

10.90 



- 40.86 



1973.6 



Vf.rt. 




+ 171.4 



-8..- 



)i 



.4 
-8.17 
-16.34 
- 27.25 





-8.27: 1943.65,-43 59 



Hence, — 




Resultant .£0 
Resultant /o 
Phase of E^ 
Phase of /o 
Primary lag, oio 

Drop of voltage, per cent 
Change of phase, ono — cat 



NoN INDUCTIVE, ' 
itt| ^ 0. 



2040.1 
10.32 
-1.4° 
+ 3.3° 

+ 4.7° 



1.02006 

2.005 

4.7° 



Lac;, 



200S.3 
10.47 

-.2° 
+ 59.8° 
+ ($0.0° 



1.04916 

4.915 




I 



14. RECTANGULAR CO-ORDINATES. 



The polar diagram of sine waves gives the best insight 
into the mutual relations of alternating currents and 
E.M.F/S. 

For numerical calculation from the polar diagram either 
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the trigonometric method or the method of rectangular 
components is used. 

The method of rectangular components, as explamed in 
the last paragraphs, is usually simpler and more convenient 
than the trigonometric method 

In the method of rectangular components h is desirable 
to disjtinguish the two components from each other and from 
the resultant or total value by their notation. 

To distinguish the components from the resultant, small 
lSU^3 are used for the components, capit^ for the resu lt- 
ant. Thus in the transformer diagram of secticxi 13 the 
secondar)' current /^ has the horizontal component ij = — /j 
cos oij, and the vertical component // = — /^ sin ^, 

To distinguish horizontal and vertical components from 
each other, either different t)'pes of letters can be used, or 
indices, or a prefix or coefficient. 

Different tj-pes of letters are inconvenient, indices dis- 
tinguishing the components undesirable, since indices are 
reserxed for distinguishing different E.M.F.'s, currents, etc, 
from each other. 
"^ Thus the most conx-enient ^"ay is the addition of a pre- 
fix or coefficient to one of the components, and as such the 
lettery is commonly used with the vertical component. 

Thus the secondary current in the transformer diagram 
section IS can be \\Titten, 

1*1 +A = I\ cos W| +//i sin W|. 

This method offers the further ad\-antage, that the two 
comix)nents can be written side by side, with the plus sign 
between them, since the addition of the prefix /distinguishes 
the \-nhie ;>« or //^ sin , as vertical component from the horir 
zontal component i\ or /^ cos •»!. 

(x = h -^Jh 

thus means, Ij consists of a horizontal component t\ and a 
vertical a>mponent i^ .nul the plus si^i ;sugnifies that t\ and 
t\ are combined by the parcl' vne waves. 
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The secondary induced E.M.F. of the transformer in 
section 18, Fig. 28, is written in this manner, ^^ = — r^ 
that is, it has the horizontal component — f^ and no vertical 
component. 
^v The primary induced E.M.F. is, 

and the E. M. F. consumed thereby 

a 
The secondary current is, 

T • • • 

Where ^ ^ 

^ = /iCOS>^, /;=/iSinii^, 

and the primary load current corresponding thereto is. 

The primary exciting current, 

where A=/joSin a is the magnetic energy current,^ =/q^ 
cos a the wattless magnetizing current. 
Thus the total primary current is, 

/o= /'+ /«= K+ >i) +>(^/, + ^). 
The E.M.F. consumed by primary resistance r^ is 

The horizontal component of primary current {at\-\-/i) 
reives as E.M.F. consumed by reactance x^ a negative vertical 
V. )mponent, denoted by —jXq (^?i + //)• The vertical com- 
ponent of primary current/ (ai\ H-^) pves as E.M.F. con- 
sumed by reactance x^ a positive hoizontal component, 
denoted by Xq {ai^ 4- g). 

Thus the total E.M.F. consumed by primary reactance 
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and the total E.M.F. consumed by primary impedance is, 

['o (^^1 -f >4) -f ATo {ai, -f g)] -¥ J [r,i {ah + ^) - x^ {ai^ -f ^)]. 

Thus, to get from the current the E.M.F. consumed by 
reactance x^ to the horizontal component of current the 
coefficient —J has to be added, in the vertical component the 
coefficient y omitted. Or we can say, 

The reactance is denoted by — jx^ for the horizontal, 

X 

and by -? for the vertical component of current. 
J 
Or other words. 

If /= i -^-ji' is a current, x the reactance of its circuit, 

the E.M.F. consumed by the reactance is, 

— JXt '\- XI = Xt — JXl, 

If instead of omitting/ in deriving the reactance E.M.F. 
for the vertical component of current, we would add — /also, 
(as done when deriving the reactance E.M.F. for the hori- 
zontal component of current) we get the reactance E.M.F. 



"JXl—J^Xt 



-f^ < V ,V; ,-2 



which gives the correct value ^jxi + xi', if 

that is, we can say. 

In deriving the E.M.F. consumed by reactance, x^y from 
the current, we multiply the current by —j^ and substitute 
y*= - 1. 

—jx can thus be called the reactance in the representa- 
tion in rectangular co-ordinates and 

2r'^ r —JX the impedance, 

by defining, and substituting, 

f — 1. 

The primary impedance voltage of the transformer in 

the preceding could thus be derived directly by multiplying 

the current, 

/o = (^A-i- h) +j(at\ 4- g)y 
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with the impedance 

^ ^ ^0 J^Q* 

This gives 

= ^0 (^A -i- ^) +A0 (^4 + ^) - >o (ail + ^) -y'^-^o (^^ + g)y 

and substituting^"^ = — 1, 

£o = [^0 (^'i + ^) -f ^0 (ah -f ^)] -f y [ro (ai^ -f ^) - ^o (^^i + >*)]» 
and the total primary impressed E.M.F. is thus, 

Such an expression in rectangular co-ordinates as, 

represents not only the current strength but also its phase. 

It means, in Fig. 32, that 
the total current 01 has the two 
rectangular components, the hor- 
izontal component / cos w = /, 
and the vertical component 
/sin 0) = i'. 

Thus, 




tan 0) = — > 



Fig. 32. 



that is, the tangent f unction of the phase angle is the verti- 
cal component divided by the horizontal component, or the 
term with prefix f divided by the term without 7. 
The total current intensity is obviously. 

The capital letter /in the symbolic expression / = / -f-/ /' 
thus represents more than the / used in the preceding for 
total current, etc., and gives not only the intensity but also 
the phase. It is thus necessary to distinguish by the type 
of the latter, the capital letters denoting the resultant cur- 



%.•» \ 




/ 
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rent in symbolic expression (that is, giving intensity and 
phase) from the capital letters giving merely the intensity 
regiiidless of phase. 
That is, 

denotes a current of intensity 

/ = V/* + V\ 

and phase 

•f 

tan o) = — • 

In the following, dotted italics will be used for the sym- 
bolic expressions and plain italics for the absolute values of 
alternating waves. 

In the same way z = Vr^ -f x^ is denoted in symbolic 
representation of its rectangular components by 

Z — r — jx. 

When using the symbolic expression of rectangular co- 
ordinates it is necessary ultimately to reduce to common 
expres.sions. 

Thus in the above discussed transformer the symbolic 
expression of primary impressed E.M.F. 

means that the primary impressed HM.F. has the intensity, 



and the phase, 



tan 4>Q = 



-' -I- ro (/7/i -f ^) -I- ^0 («4 + g) 



This symbolism of rectangular components is the quick- 
est and simplest method of dealing with alternating current 
phenomena, and is in many more complicated cases the only 



\ 
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method which can solve the problem at all, and thus the 
reader should become fully familiar with this method. 

EXAMPLES. 

(1). In a 20 K.W. transformer the ratio of turns is 20 : 1, 
and 100 volts are required at the secondary terminals at full 
load. What is the primary' current, the primary impressed 
E.M.F., and the primary lag, 

a) At noninductive load, w^ = ; 

b) With o>i = 60'^ lag in the external secondary circuit ; 

c) With wi= —60'^ lead in the external secondary circuit.^ 
The exciting current is /(«'= .3 +.4/ amperes, at <r=2000 

volts impressed, or rather, primary induced E.M.F. 

The primary impedance, if^, = 2 — bj ohms. 

The secondary impedance, Z^ = .004 — .Oly ohms. 

We have, in symbolic expression, choosing the secondary 
current I^ as real axis (see page 8<>). 

(2). c^^ 2000 volts are impressed upon the primary cir- 
cuit of a transformer of ratio of turns 20 : 1 The primary 
impedance is, Z^ = 2 — Sy, the secondary impedance, Zi= 
.004 — .Oiy, and the exciting current at c — 2000 volts 
induced E.M.F. is ^ = .8 -I- Aj, thus the "primary admit- 
tance," r = -^' = (.15 -f.2y) 10-'. 

€ 

What is the secondary current and secondary terminal 
voltage, and the primary current, if the total impedance of 
the secondary circuit (internal impedance plus external load) 
consists of, 

a), resistance, 

Z = r = .5 — non-inductive circuit. 
b), impedance, 

Z =^ r —jx = .*S — A J — inductive circuit. 
c), impedance, 

Z = r — yUr = .3 -I- Aj — anti-inductive circuit. 
Let ^ = secondary induced E.M.F'.. 

assumed as real axis in symbolic expression (see p. 86). 
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3). A transmission line of impedance Z = r —jx = 

20 — 50y feeds a noninductive receiving circuit. At the 

receiving end, an apparatus is connected which produces 

wattless lagging or leading currents at will (synchronous 

machine) .12000 volts are impressed upon the line. How 

much lagging and leading currents respectively must be 

produced at the receiving end of the line, to get 10,000 

volts, 

a), at no load, 

b), at 50 amperes energy current as load, 

c). at 100 amperes energy current as load ? 

Let 

e = 10,000 = E.M.F. received at end of line. 
t\ = energy current, i.^ = wattless lagging current ; 
thus, 

/= t\ -\-jt\ = total current in line. 

The voltage at generator end of line is then, 

= e-\- (r - jx) (i\ -h Jt'2) 

= (<f -h ri\ + x/^) +j(rij — xt'i) 

= (10,000 + 20 1\ + 50 4) 4-y (20 /; - 50 ^), 
or, reduced, 

^0 = ^/(^ + ^h + xt^y + (r/i — xi^y ; 

thus, since E^ = 12,000, 

12,000 = V(10,000 -h 2O/1 4-504)^4- (20^-50^)"; 

a). No load, 

/; = 0; 
thus, 

12,000 = V(T0X)00" + 50'^M^4(Hrr? 

hence, 

^ = -1-39.5 amps., wattless lagging current, /= +39.5/, 

6). Half load, 

/i = 50; 



-^ 
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thus, 

12,000 = V(11,000"+ 50 /,)«+' (20^2,600)» ; 

hence, 

/j = -H 16 amps., lagging current, /= 60 + 16y^ 

r). Full load, 

/\=100; 
thus, 

12,000 = V(12,000 -h 50 /^« -f (20 /, - 5000)* ; 

hence, 

4 = - 27.13 amps., leading current, /= 100 - 27.13/ 

15. LOAD CHARACTERISTIC OF TRANSMISSION 

LINE. 

The load characteristic of a transmission line is the curve 
of volts and watts at the receiving end of the line as func- 
tion of the amperes, and at constant E.M.F. impressed upon 
the generator end of the line. 

Let r=resistance, ;r=reactance of the line. Its impe- 
dance -?== Vr^-h JT* can be denoted symbolically by 

Z = r — jx. 

Let ^0= E.M.F. impressed upon the line. 

Choosing the E.M.F. at the end of the line as horizontal 
component in the polar diagram, it can be denoted by -^ = ^. 

At noninductive load the current flowing over the line is 
in phase with the E.M.F. r, thus denoted by /=/. 

The E.M.F. consumed by the line impedance Z ^r—jx is, 

^,= Z/=(r-»i 
=z ri ^ jxi. 

Thus the impressed voltage, 

^0 = ^ -f- -^1 = ^ + ri--jxi. 
or, reduced, 

and 

e = yjE^-x'i* - r/, the E.M.F. 
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P^ei^ 


^i^E^- 


x'i* - rP, 




the power received at 


end of the line. 




The curve of E.M.F. e is an arc of an 


ellipse. 


At open circuit it 


is, 








• 

/ = 


0, 




thus, 










e = 


E^ 






-P = 


0, 




as to be expected. 








At short circuit, 








e 


= 0, 









= V^o' - 


- jc*!* — rr, 




thus, 








• 

t 


E, 


Eo 





that is, the maximum current which can flow over the line 

with a noninductive receiver circuit and at negligible line 

capacity. 

The condition of maximum power delivered over the 

hne is jp 

— = 

that is, 
substituted, 

= 2*/«, 

e = ziy 

e 

- = z, 
t 

- = ri is the resistance or effective resistance of the re- 
i 

ceiving circuit. 
That is, — 
Maximum power is delivered into a nonindctive receiving 



and expanded, 



hence, 



LOAD CHARACTERISTIC OF TRANSMISSIOX LINE. 91 

circuit over an inductive line impressed by constant E.M.F., 
if the resistance of the receiving circuit equals the impe- 
dance of the line. 

r^ = z. 

In this case the total impedance of the system is, 



or 



thus the current, 







• % 


V(^ 


'-{-zy-hx' 


The 


power 


transmitted is, 




E^z 




(r +«)» + *« 






Ei 


\ 

• 





2(r-hs)' 

that is, — 

The maximum power which can be transmitted- over a 
line of resistance r and reactance ;ir is the square of the im- 
pressed E.M.F. divided by twice the sum of resistance and 
impedance of the line. 

At jr = 0, this gives the common formula, 

A=T- 
4r 



INDUCTIVE LOAD. 

With an inductive receiving circuit of lag angle <o, or 
power factor /=cos w, and inductance factor ^=sin <o, at 
E.M.F. E=^e at receiving circuit, the current is denoted 

by- 

thus the E.M.F. consumed by the line impedance Z=r —jx is, 

.. ^=Zr=I{p^-jq){r-jx) 

= I\.{rp + xq) ■\-j\rg - xp)\ 
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and the generator voltage, 

= [^ + Jirp -h xq)\ ^-jlirq - xf), 
or, reduced, 

and, 

the power received is the E.M.F. times the energy com- 
ponent of current, thus, 

P^elp 

= Ip yjE^^I^(rg-\'xpf - J^p{rf + xg), 

the curve of E.M.F. e as function of the current / is again 
an arc of an ellipse. 

At short circuit ^ = 0, thus, substituted 

z 

the same value as at noninductive load, as is obvious. 

The condition of maximum output delivered over the 
line is, 

ill ' 
that is, differentiated and 

<Ef-I'''{rq~'-^xpy' = e '\-Hrp + xq), 

substituted, and expanded, 

^ = /a (a^ -f- ^ 

e = Iz\ 
or, 

e 

! = '• 

s^ = - is the impedance of the receiving circuit. 
t 

That is, the power received in an inductive circuit over 
an inductive line is a maximum, if the impedance of the 
receiving circuit, s^, equals the impedance of the line, z. 
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In this case the impedance of the receiving circuit is, 
and the total impedance of the system, 

= {^ -^Pz) -j{x -f qz). 
Thus the current, 

r __ Ao 

'"" V(r4-/2)'-f-(^-fV^/ 
and the power, 



{r -h Z^)" -h (^ 4- i^^)* 



2(z^-rpV xq) 

EXAMPLES. 



(1.) 12000 volts are impressed upon at ransmissior^ line 
of impedance Z=^r — y!r = 20 — oOy. How does the voltage 
and the output in the receiving circuit vary with the current, 
at noninductive load ? 

Let e = voltage at receiving end of line, / = current, thus 
=ei = power received. The voltage impressed upon the 
line is then, 

^0 = <? 4- zi 

= ^ 4- ri — jxi\ 

or, reduced. 

Since E^ = 12000, 

12,000 = \l(e 4- r/)» -f- ^/^ = V(^ + 20 /)« + 2.500 / « 

e = V12,0002 - ^2 - r/ = Vl2,000»- 2,500 /«- 20 i. 
The maximum current is at ^=0, 

= Vl2,000» - 2,500 i^ - 20/, 
thus, 

/ = 223. 
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Substituting fur i, gives the values plotted in Fig. 88. 
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IC. niA:>t i.\^NTROL OF TRANSMISSION UNES. 

\i in the irvWiM^ circuit v<' jin iiHtuctive tnnsmisskio fine 
the phase irlAt** can be cKir^etl. the Urvy of vcha^ in 
the Kne okn be mintaunnl cx^ostani at w\ii^ k<ad$ or ev«n 
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decreased with increasing load ; that is, at constant generator 
voltage the transmission can be compounded for constant 
voltage at the receiving end, or even over-compounded for 
a voltage increasing with the load. 

1. COMPOUNDING OF TRANSMISSION FOR CONSTANT 

VOLTAGE. 

Let r= resistance, ;r= reactance of transmission line, 
^<,=voltage impressed upon the beginning of the line, ^= 
voltage received at end of line. 

Let /= energy current in the receiving circuit; that is, 
/> = ^/= transmitted power, and /i= wattless current pro- 
duced in the system for controlling the voltage. \ shall be 
considered positive as lagging, negative as leading current. 

The total current is then, in symbolic representation, 

the line impedance, • 

Z = r — jx\ 

thus the E.M.F. consumed by the line impedance, 

= ri ^-jri^ — jxi — pxi^ ; 

and substituting 

^1 = ip + xi^ +/ (^1 - ^0- 
Hence the voltage impressed upon the line 

or reduced, 

e^ = V(^ -hri-h xty -f (r/\ - xiy. 

If in this equation e and e^ are constant, i^, the wattless 
component of current, is given as function of the energy 
current i and thus of the load ei. 

Hence either e^ and e can be chosen, or one of the 
E.M.F.'s ^0 or e and the wattless current /\ corresponding 
to a given energy current /. 
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If /\=0 at / =0, and c is assumed as given, e^^e. 
Thus, 

e = -s/ie 4- ri -f- xi{)^ + {^ri'i — xi)\ 
2^(f7--|-x/i)-f(r« + ^(/**-^«) = 0. 

From this equation it follows, 

ex± V^^-2m:8«-/V 
'^= ? 

Thus the wattless current /, must be varied by this equation 
to maintain constant voltage ^ = ^o irrespective of the load ei. 
As seen, in this equation, t\ must always be n^fative, 
that is, the current leading. 

/j becomes impossible if the term under the square root 
becomes negative, that is, at the value, 

or, 

At this point the power transmitted is 

This is the maximum power, which can be transmitted 
without drop of voltage in the line, at an energy current /= 

e{:; — r) 

The wattless current corresponding hereto is, since the 
square root becomes zero, 

thus the ratio of wattless to energy current, or the tan. of 
the phase angle of the receiving circuit, is 

tan Wj = — = — 



I 5 — r 



A larger amount of power is transmitted if e^ is chosen 
>^, a smaller amount of power if e^K e. 
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In the latter case i^ is always leading; in the former case 
i\ is lagging at no load, becomes zero at some intermediate 
load, and leading at higher load. 

If the line impedance Z^r—^jx and the received voltage 
e is given, and the energy current i^ at which the wattless 
current shall be zero, the voltage at the generator end of the 
line is determined hereby from the equation, 



by substituting 

^ = 0, / = /o, 
as 



Substituting this value in the general equation, 

e^ = V(^ + ri' -f A)' + (ri - xi^^ 
gives 

as equation between / and /\. 

If at constant generator voltage r„, 
at no load, 

and at the load, 

/ = ^, ^ = <?o» 'i = ^» 
it is, substituted, — 

no load, 
load /^ 



Thus, 

f r, expanded, 

^(r' 4- ^ + 2^Ar^o = iS if + ^ + 2/ir^o. 

This equation gives q as function of i^ e^ r, x. 

If now the wattless current /j varies as linear function of 

the energy current /, as in case of compounding by rotary 

converter with shunt and series field, it is, 

('o — 
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Substituting this value in the general equation, 

(^0 + r/o)« -f o^ii = (^ + r^' + atA/ -h (^ - xi y 

gives e as function of /, that is, gives the voltage at the r& 
ceiving end as function of the load, at constant voltage f^^ at 
the generating end, and e^e^ for no load, 

/ = 0, ^ = ^, 
and e = e^ for the load, 

i = ^» h — 0. 

Between / = and i = /q, e> e^ and the current is lagging. 

Above / =^i^ e < ^j„ and the current is leading. 

By the reaction of the variation of e from e^ upon the 
receiving apparatus producing wattless current /j, and by 
magnetic saturation in the receiving apparatus, the deviation 
of c from Cq is reduced, that is, the regulation improved. 

2. OVER-COMPOUNDING OF TRANSMISSION LINES. 

• 

The impressed voltage at the generator end of the line 
was found in the preceding, 

^0 = ^/(^ + ri 4- xt\y -h {ri^--xif. 

If the voltage at the end of the line e shall rise proper* 
tionally to the energy current /, then 

Thus 

^0 = V[^i -H (^ -f r) / + xi^f + (r^ - xi^. 

And herefrom in the same way as in the preceding we 
get the characteristic curve of the transmission. 

If ^o=^r ^1 = at no load, and is leading at load. If 
^0 < ^1' 'i ^^ always leading, and the maximum output less than 
before. 

If ^0 > ^i» h 's lagging at no load, becomes zero at some 
intermediate load, and leading at higher load. The maxi- 
mum output is greater than at i\ = r^. 
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The greater a, the less is the maximum output at the 
same e^ and e^ 

The greater e^ the greater is the maximum output at the 
same e^ and a^ but the greater at the same time the lagging 
current (or less the leading current) at no load. 

EXAMPLES. 

(1.) A constant voltage of e^ is impressed upon a trans- 
mission line of impedance Z = r -^jx = 10 — 20;'. The voltage 
at the receiving end shall be 10000 at no load as well as at 
full load of 75 amps, energy current. The wattless current 
in the receiving circuit is raised proportionally to the load, so 
as to be lagging at no load, zero at full load or 75 amps., and 
leading beyond this. What voltage e^ has to be impressed 
upon the line, and what is the voltage e at the receiving end 
at \y I, and 1^ load > 

Let /=«/i-fyVj= current, -ff=s^ voltage in receiving circuit. 
The generator voltage is then, 

= (^ 4- rr; + xi^ -^-Jirh — -^A) 
= (^-h 10/i 4- 20^) -hy(10/, - 20^, 
or, reduced, 

^0 = (<? + ri^ + xi^^ -h (^i — Jf/'i)* 
or, 

= (^ + 10/\ 4- 204)» + (10/2 ~ 20fi)«. 
At 

/\ =75, f, = 0, <f = 10,000, 

thus, substituted, 

e^ = 10,760« 4- 1,500* = 117.81 x 10«; 
hence, 

e^ =: 10,860 volts is the generator voltage. 
At 

/\ = 0, ^ = 10.000, e^ = 10,860, let 4 = ^, 

these values substituted give, 

117.81 X 10« = (10,000 4- 20^)2 4- 100^ 

= 100 X 10» 4- 400^ X 10» 4- 500^, 
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or, 

q = 44.525 - 1.25 f lO"' ; 

this equation is best solved by approximation, and then 

gives, 

q = 42.3 amps, wattless lagging current at no load. 

Since, 

<?o' = (^ -h ^ -h xiif -h (^i — xi^y 

it follows, 

* 

or, 



^ = V117.81 X 10* - (10 /; - 20 t\y - (lO/i -h 204). 

Substituting herein the values o£ t\ and /, gives e. 









«!• 


h- 


e. 





42.3 


10,000 


26 


28.2 


10,038 


50 


14.1 


10,038 


76 





10,000 


100 


-14.1 


9,922 


125 


-28.2 


9,803 



(2.) A constant voltage e^ is impressed upon a trans- 
mission line of impedance Z=r -'jx= 10 — lOy. The voltage . 
at the receiving end shall be 10,000 at no load as well as at 
full load of 100 amps, energy current. At full load the total 
current shall be in phase with the E.M.F. at the receiving 
end, and at no load a lagging current of 50 amps, is per- 
mitted. How much additional reactance-jr^ is to be inserted, 
what must be the generator voltage r^, and what will be the 
voltage e at the receiving end at ^ load and at 1 J load, if the 
wattless current varies proportionally to the load ? 

Let x^= additional reactance inserted in circuit. 
Let / = /i 4-y/i = current. 

Then, 

^0* = (<? + ^\ 4- ^i'i)^4-'(A-4— x^t\y = (<f 4-10/1+ a:,/;)- + 10/2 — x^f\)\ 
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where, 

JTi = ;c 4- ^To = total reactance of circuit between e and c^ 

At no load, 

/i = 0, 4 = 50, ^=10,000, 
thus, substituted. 



At full load, 



ei = (10,000 + 50 ;c,)^ + 250,000. 



/\ = 100, 4 = 0, ^ = 10,000; 



thus, substituted, 

^0^ = 121 X 10* + 10,000x1'. 

Combined, these give, 

(10,000 4- 50^0" + 250,000 = 121 x 10» -f- 10,000 ati*; 
hence, 



thus, 



x^ = 66.5 ± 40.8 
= 107.3 or 25.7 ; 



^0 = ^1 — "^ = 97.3, or 15.7 ohms additional reactance. 
Substituting, 

x^ = 25.7, 
gives, 

^o»= {e 4- 10 4 -h 25.74)« -h (10 4 - 25.7 4)« ; 

but, at full load, 

4 = 100, 4 = 0, ^ = 10,000, 

which values substituted give, 

eS = 121 X 10« -h 6.605 x 10« = 127.605 x 10*, 
Cq = 11,300 generator voltage. 
Since 



it follows 



e = V^o'-(104- 25.74)2 - (10 4 + 25.74), 



e = V127.605 x 10«- (104-25.74)' - (IO4 + 26.74). 
Substituting for 4 and 4» gives e. 





50 
100 
150 


H- 


e. 


50 

25 



-25 


10,000 

10,105 

10,000 

9.(358 
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(3) Iti a circuit whose voltage e^ fluctuates by 20% be- 
tween 1800 and 2200 volts, a synchronous motor of internal 
impedance Z^ = r^ — jx^ = .5 — hj is connected through a re- 
active coil of impedance Z^ = r^ —j\ = .5 — lOy, and run light, 
as compensator (that is, generator of wattless currents). 
How will the voltage at the synchronous motor terminals 
Cy, at constant excitation, that is, constant counter E.M.F. 
^ = 2000, vary as function of e^ at no load, and at a load of 
I =100 amps, energy current, and what vdW be the wattless 
current in the synchronous motor } 

Let /= 1*1 -i-ji^^ current in receiving circuit of voltage 
e^. Of this current /, Ji^ flows into the synchronous motor 
of counter E.M.F. e, and thus, 

i?i = ^ -f ZJi^ 
or, reduced, 

In the supply circuit the voltage is, 

= [^ + Vi -I- (^a;, -f .Vi) /J 4-y [(ro + rj 4 - ^h\. 

or, reduced. 

Substituting in the equations for e^ and //, the above values 

of r^ and .r^ : 

At no load 

A = 0, 
we have 

At full kxid, 

^ = lOlX 

^/« (< + 5i> -h 154^» + v^ - 1,000)», 
/ = 2,(HX> substituted. 
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at no load, 

/i=0, 
gives, 

ef = (2,000 -f 6 /,)« + .25 4«, 

^o*=(2,000 + 15£,) + 4'; 
at full load, 

/i = 100, 

e,^ = (2,000 + 6 /,)' + .25 /,«, 

^,« = (2,050 + 15 4)- + (/, - 1,000)«. 

Substituting herein ^^ = successively 1,800, 1,900, 2,000, 
2,100, 2,200, gives values of /j, which, substituted in the 
equation for e^, give the corresponding values of e^, as re- 
corded in the following table. 

As seen, in the local circuit controlled by the syn- 
chronous compensator, and separated by reactance from the 
main circuit of fluctuating voltage, the fluctuations of volt- 
age appear in a greatly reduced magnitude only, and can be 
entirely eliminated by varying the excitation of the syn- 
chronous compensator. 



e = 2.0000. 


'0- 


No Load, 

• 


i\ = 0, 


Fui-L Load, 


,\ = 100. 


1,800 
1,900 
2,000 
2,100 
2,200 


-13.3 
- 7.08 


+ 6.7 
+ 13.3 


1,937 
1,965 
2,000 
2,036 
2,074 


-39 
-30.1 
-22 
-13.5 
- 6.5 


1,810 
1,860 
1,866 
1,936 
1,970 



17. IMPEDANCE AND ADMITTANCE. 

In direct current circuits the most important law is 
Ohm's law : 




or, 
or. 



/ 
r 



= /r. 
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Where e is the E.M.F. impressed upon resistance r to pro- 
duce current / therein. 

Since in alternating current circuits by the passage of a 

current / through a resistance r additional E.M.F.'s may be 

I' 
produced therein, when applying Ohm's law, /=- to alter- 
nating current circuits, e is the total E.M.F. resulting from 
the impressed E.M.F., and all E.M.F.'s produced by the cur 
rent i in the circuit. 

Such counter E.M.F.'s may be due to inductance, as self 
or mutual inductance, to capacity, chemical polarization, etc. 

The counter E.M.F. of self-induction, or E.M.F. induced 
by the magnetic field produced by the alternating current /, 
is represented by a quantity of the same dimension as resist- 
ance, and measured in Ohms: reactance x. The E.M.F. 
consumed by reactance x is in quadrature with the current, 
that consumed by resistance r in phase with the current. 
>• Reactance and resistance combined give the impedance, 

or in symbolic or vector representation, 

Z = r -- jx. 

In general in an alternating current circuit of current i, 
the E.M.F. e can be resolved in two components, an energy 
component r^ in phase with the current, and a wattless com- 
ponent r, in quadrature ^i^ith the current. 

The quantity 

A energ)* E.M.F. or RM.F. in phase with the current 

i "" current "" * 



f^^^ is called the fffectix*c resistance. 

' The quantity 

e^ wattless E.M,F. ol E>M.F. in quadrature with the current 



/ current * 



is called the effective reeutamce of the circuit. 
And the quantity, 
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or in symbolic representation, 

is the impedance of the circuit. 

If power is consumed in the circuit only by the ohmic \ 
resistance r, and counter E.M.F. produced only by self- I 
induction, the effective resistance r^ is the true or ohmic / 
resistance r, and the effective reactance x^ is the true or self- / 
inductive reactance x. 

By means of the terms, effective resistance, effective 
reactance, and impedance. Ohm's Law can be expressed in 
alternating circuits in the form, 

. __ ^_ e 



or, 01 = V/^i* -f x^^ = - ; 

or in symbolic or vector representation : 



or, E=iZ, = I{r,-jx,)^ 

or, . E 

In this latter form Ohm's Law expresses not only the 
intensity but also the phase relation of the quantities. 

It is, 

^i==*^i = energy component of E.M.F., 
e^ = tx^= wattless component of E.M.F. 

Instead of the term impedance i3r=- with its components 

the resistance and reactance, its reciprocal can be introduced 

i \ 

which is called the admittance. 

The components of the admittance are called the conduc- 
tance and susceptance. 



^ 
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Resolving the current / into an energy component i^ iii 
phase with the E.M.F. and a wattless component /, in quad- 
rature with the E.M.F., the quantity 

/, __ energy current, or current in phase with E.M.F., _ 
'c" E.M.F. ^ 

is called the conductance. 
The quantity, 

/i _ wattless current, or curre nt in quadrature with E.M.F., _ 
7"" KNLF " 

is called the susceptance of the circuit. 

The conductance represents the current in phase with 
the E.M.F. or energy current, the susceptance the current 
in quadrature with the E.M.F. or wattless current. 

Conductance g and susceptance b combined give the 
admittance 

or in sjTnboUc or vector representation : 

Ohm's Law can thus also be written in the form : 

/ = ry = f V^-f-^ ; 
or, ^ = - = ' 



or, in sjTiibolic or vector representation, 
or. / / . 

and» 'i *« <C =■ energ)* component of current 

^ at 1^ sr wattless component of current 

According to cin^umstances^ sometimes the use of the 
terms impedance* reststtincei reactance^ sometimes the use 
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of the terms admittance, conductance, susceptance, is more 
convenient. 

Since, in a number of series connected circuits, the total 
E.M.F., in symbolic representation, is the sum of the indi- 
vidual E.M.F.'s, it follows : 

** In a number of series-connected circuits, the total im- 
pedance, in symbolic expression, is the sum of the impedances 
of the individual circuits connected in series/' 

Since in a number of parallel connected circuits the total 
current, in symbolic representation, is the sum of the indi- 
vidual currents, it follows : 

" In a number of parallel connected circuits, the total \ 
admittance, i n symbolic expression , is the sum of the admit- J 
tances of the individual circuits connected in parallel." 

Thus in series connection the use of the term impeda: 
in parallel connection the use of the term admittance 
generally more convenient. 

Since in symbolic representation, 



K= 






ince, \ 







z 






or, 




ZV = 1; 






that is, 




(r-jx)(g+jb) = l; 






It follows that, 










{rg + xb) ■\-j(rb - xg) = 


1; 




that is, 




rg + xb= 1. 
rb — xg = 0. 




/I 


Thus, 




g g 
b b 

r r 




1 . 

1 • 

9 




b- * --; 


. -1 




*-f*+^ *•• 


/ 


i-' 




* 1 




.7 



/ 



■NJ 



^ . -V 



\' 



.-<_ 
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or absolute, 

1 

.^ = 1, .:z^7^-' 

Thereby the admittance with its cpmponents, the con- 
ductance and susceptance, can be calculated from the 
impedance and its components, the resistance and reactance, 
and inversely. 

If ,r = 0, jff = r and^ = — that is, g is the reciprocal of 

the resistance in a noninductive circuit, not so, however, in 
an inductive circuit. 

EXAMPLES. 

(1.) In a quarter-phase induction motor, at E.M.F. ^ = 
110 impressed per phase, the current is, /o=/, -f/i, = 100 
+ 100/* at standstill, the torque = T^ 

The two phases are connected in series in a single-phase 
circuit of E.M.F. c = 220, and one phase shunted by a con- 
denser of 1 ohm capacity reactance. 

What is the starting torque T of the motor under these 
conditions, compared with 7^ the torque on a quarter-phase 
circuit, and what the relative torque per volt-ampere input, if 
the torque is pn>portional to the product of the E.M.F.'s 
impresses! ujxm the two circuits and the sine of the angle 
erf phase displacement between them } 

In the quarter-phase motor the torque is, 

T; » «^ » 12.100 a. 
where a is a constant The volt-ampere input is, 

hence, the ••aj^xirent torque efficiency,'' or torque per volt- 
ampere input. 
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The admittance per motor circuit is, 

K=^=:.91-h.9iy, 
e 

the impedance, 

^_e _ 110 _ 110 (100 - 100» ffi^ffi- 

/ ■" 100 + looy - (100 -h ioo» (100 - ioo» "* •^' 

the admittance of the condenser : 

thus, the joint admittance of the circuit shunted by the con- 
denser, 

y; = K+n = .9i4-.9iy-y 

= .91 - .09/; 
thus, its impedance, 

Z-^ 1 _ -9i+.0 9y_ 

^* " Fi " .91 - .09y " .91«-h .0^ " ^ ^ ^' 
and the total impedance or the two circuits in series, 

= .55 -.56/ 4- 1.09 + .11> 
= 1.64 - .44/ 

Hence, the current, at impressed E.M.F. e =220, 

. _ _^ 220_ _ 220(1.64 +.447-) 

4-h ^Jh - 2; " 1.64 - .44/ " 1.642 + .44« 
= 125 4- 33.5/; 
or, reduced, 

/ = Vi2r)» "-h";^3r5^ 

= 129.4 amps, 
thus, the volt-ampere input, 

Q = ^7=220 X 129.4 
= 28,470. 

The E.M.F.'s acting upon the two motor circuits respec- 
tively are, 

E^ = /Zi= (125 4- 33.5y-) (1.09 + .11/) = 132.8 -h 50.4/ 
and, 

^ =/Z = (125 4- 33.5/) (.55 - .55 j) = 87.2 - 50.4/ 
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Thus, their phases are : 

50.4 *>/v , ^^A 

tan a>i = 4- - ^ = -f .30 ; hence, wj = -f- 21** ; 

tan «' = - g=^ = - -^"^^ 5 hence, «' = — 30°; 



and the phase difference, 



CD = oij — a>' ^ 51 . 



The absolute values of these E.M.F.'s are^ 



e^ = VI 32.8 -f 50.4« = 141.5, 
/ = V87.2« - 50.4» = 100.7; 

thus, the torque, 

7*= a/j/sin «• 
=:ll,100tf; 

thus, the apparent torque efficiency, 

^" <> 28,470 ""•'^^''- 

Hence it is, compared with the quarter^hase motor, 
Relative torque, 

T _ 11,100^ _ 
T; " 124 00a " *^ *" 

Relative torque per volt-ampere, or relative s^parent torque 

efficieno*. 

/ .39 II 



/« .388 a 



= 1.006. 



(2). At constant field excitation, corresponding to a 
nominal induccil K.M.F. r,, =li000, a generator of synchro- 
nous impcilanoo /f,^= r^ — /.r^ =.6 — 60y feeds over a transmis- 
sion line of imjHxlanix* /f, = r, — ./x, = 12-18/, and of capacity 
sus^vptan<.x^ .008, a noninductive receiWng circuit. How 
will the voltag^'^ at the rcceinng end, a and the voltage at 
the j;:oncrator terminals r,, \-ary with the load, if the line 
ca|x\oity is n^prosontcii by a condenser shunted across the 
miildlc 1^ the line ? 
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Let /= / = current in receiving circuit, in phase with the 
E.M.F., E = e, 

The voltage in the middle of the line is, 

The capacity susceptance of the line is, in symbolic ex- 
pression, F= — .003;', thus the charging current, 

/, = ^,K=-.003y(^-h6/-9/» 

= __ .027 / - J (.003 e + .018 /), 
and the total current, 

/i = / -f /a = .973 / - J (.003 ^ 4- .018 /). 

Thus, the voltage at the generator end of the line, 

= ^4. 6/- 9/» (6 - 9» [.973/ -y (.003^4- .018/)] 
= (.973<f -h 11.68/) -y (17.87/ -f .018 <f), 

and the nominal induced E.M.F. of the generator, 

= (.973 ^ -h 11.68 /• ) -y(17.87 / +.018 e) + (.6 - 60y) 

[.973/-y(.0O3^-h.O18/)] 
= (.793 € 4- 11.18 /) -y (76.26 / 4- .02 g) ; 

or, reduced, and ef^= 12,000 substituted, 

144 X 10« = (.793^ 4- 11.18 /•)« + (76.26/4- .02^)«; 
thus, 

^4. 33 ^i 4. 9,450 /•« = 229 X 10« 

e=- 16.5 / 4- V229 x lO'^ - 9,1787«, 
and, 

^1= V(.973 ^ 4- 11.68 t'Y 4- (17.87 / 4- .018 ef, 
at, 

/ = 0, e = 15,133, ^1 = 14,700 ; 
at, 

^=0. / = 165.6, ^j = 3,327. 
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Substituting different values for i, gives, 



.-. 


■■ 


... 


'. 




.,. 




as 

50 
76 


15,133 
14,488 
13.525 
12,063 


14,700 
14,400 
13,800 
U7SU 


100 
126 
IM 

iSo.e 


10,050 
7,188 
8,886 


11.100 
»,bOO 
4,840 
8,327 



which values are plotted in Fig. 84. 
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18. EQUIVALENT SINE WAVES. 

In the preceding chapters, alternating waves have beoi 
assumed and considered as sine wa\'es. 

The general ahemating wave is, however, never com- 
pletely, frequently not even approximately a sine wave, 
A sine wave having the same effective valuer that is, the 
< same square root of mean aqujK a of instantineoua values^ 
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as a general alternating wave, is called its corresponding 
"equivalent sine wave/' Ic represents the same effect as 
the general wave. 

With two alternating waves of different i^hapes, the phase 
relation or angle of lag is indefinite. Their equi\'alent sine 
waves, however, have a definite phase relation, that which 
gives the same effect as the general wave, that is, the same 
mean (ei). 

Hence if ^= E.M.F. and /= current of a general alter- 
nating wave, their equivalent sine waves are defined by, 



^0 = Vmean (f)^ 

/'o = Vmean (/•); 
and the power is, 

A = ^o'o cos e^Q = mean («*). 
Thus, 

mean {ei) 

Vmean (f) Vmean (/*) 



cos e^^ = 



Since by definition the equivalent sine waves of the 
general alternating waves have the same effective value or 
intensity and the same power or effect, it follows, that in re- 
gard to intensity and effect the general alternating waves 
can be represented by their equivalent sine waves. 

Considering in the preceding the alternating currents as 
equivalent sine waves representing general alternating waves, 
the investigation becomes applicable to any alternating cir- 
cuit irrespective of the wave shape. 

The use of the terms reactance, impedance, etc., implies 
tv>nt a wave is a sine wave or represented by an equivalent 
sine wave. 

Practically all measuring instruments of alternating waves 
(with exception of instantaneous methods) as ammeters, 
voltmeters, wattmeters, etc., give not general alternating 
waves, but their corresponding equivalent sine waves. 
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EXAMPLES. 

In a 25-cycle alternating current transformer, at 1000 
volts primary impressed E.M.F., of a wave shape as shown 
in Fig. 35 and Table I., the number of primar}- turns is 500, 
the length of the magnetic circuit 50 cm, and its section 
shall be chosen so as to give a maximum density (B = 15,000. 

At this density the hysteretic c}cle is as shown in Fig. 
36 and Table II. 

What is the shape of current wave, and what the equiva- 
lent sine waves of E.M.F., magnetism, and current ? 

The calculation is carried out in attached table. 




/7f.«SL 

In column (1) are given the degrees, in column (2) the 
relative \-alues of instantaneous E.M.F.'s, e correqx>nding 
thereto, as taken fmm Fig. 85. 

Column (8) gives the squares of e. Their sum is 24,939, 

24,989 
thus the mean square, - V . * *= 1885,5, and the effective 

IS 

xTilue, 

/- Vl885:5 « 37.2l\ 

Since the cffecthre >'aluc of impressed E.M.F. is — 1,000, 
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the instantaneous values are e^ = 
column (4). 

TABLE II. 



1.000 
37.22' 
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Since E.M.F. *■„ is proportional to the rate of < 
of magnetic flux, that is, to the differential coefficieot of 
(B, (R is proportional to the integral of the E.M " 
to V<-„ plus an integration constan' 
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lima (o), and the integration constant follows from the con- 
dition, that Oi at 180° must be equal, but opposite in sign, 
to (R at 0°. The integration constant is therefore, 

»«" 14,648 



u 



2 



^ - 7324, 



and by subtracting 7324 from the values in column (5), the 




F\g. 87. 



values of (B' of column (6) are found as the relative instan- 
taneous values of ma.<ifnetic induction. 

Since the maxinuini ma<(netic induction is lo,()00 the in- 
stantaneous values are (R = (ft'-J ' ^^ « plotted in column (7). 

1,324 

From the hysteresis cyrlc in Y\^. 30 are taken the \*alues 
of magnetizing force/, corresponding- to magnetic induction 
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(B. They are recorded in column (8), and in column (9) the 
instantaneous values of M.M.F. ^^If^ where / = 50 = 
length of magnetic circuit. 

/ = -I where n = 500 = number of turns of the electric 
n 

circuit, gives thus the exciting current in column (10). 

Column (11) gives the squares of the e.xciting current, /*. 

"^5 85 
Their sum is 25.86, thus the mean square, "' = 1.4S6, 

lo 
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and the effective value of exciting current, i' = VI. 436 = 
1.198 amps. 

Column (12) gives the instantaneous values of power, 

p = t\. Their sum is 4,766, thus the mean power, /^= ' 

= 264.8. 

Since, /'= /^V cos cu, 

where ^„' and /' are the equivalent sine waves of E.M.F. and 
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of current respectively, and w their phase displacement, sub- 
stituting these numerical values of /', /, and i\ we have 

264.8 = 1,000 X 1.198 cos » ; 
hence, 

cos Q> = .-365, 
0) = 76.:i°, 

:iiul the angle of hysteretic advance of phase, 

a ^ 90 — ft) = 13.7 . 

The magnetic energy current is then, 

/' cos ft) = .283 ; 

the magnetizing current, 

/*' sin ft) = 1.165. 

Adding the instantaneous valves of E.M.F. e^ in column 

(4), gives 14,648, thus the mean value, — ^-g— = 818.8. 

lo 

Since the effective value is 1,000, the mean value of a sine 

2 V2 
wave would be, 1,000 = 904, hence the form factor is, 

IF 

^ = 813:8=**^ =/.// 

Adding the instantaneous values of current i in column 

(10), irrespective of their sign, gives 17.17, thus the mean 

17 17 
value, —J-— =.954. Since the effective value =1.198, the 

lo 

form factor is, 1.198 2 V2 , ... 

The instantaneous values of E.M.F. e^ current i induc- 
tion (B and power / are plotted in Fig. 37, their correspond- 
ing sine waves in Fig. 38. 




PART 11. 



SPECIAL APPARATUS. 



INTRODUCTION. 

By the direction of the .energy transmitted, electric 
machines have been divided into generators and motors. By 
the character of the electric power they have been dis- 
tinguished as direct current and as alternating current 
apparatus. 

With the advance of electrical engineering, however, 
these sub-divisions have become unsatisfactory and insuf- 
ficient. 

The division into generators and motors is not based on 
any characteristic feature of the apparatus, and is thus not 
rational. Practically any electric generator can be used as 
motor, and conversely, and frequently one and the same ma- 
chine is used for either purpose. Where a difference is made 
in the construction, it is either only quantitative, as, for 
instance, in synchronous motors a much higher armature re- 
action is used than in synchronous generators, or it is in 
minor features, as direct current motors usually have only 
one field winding, either shunt or series, while in generators 
frequently a compound field is employed. Furthermore, 
apparatus have been introduced which are neither motors 
nor generators, as the synchronous machine producing watt- 
less lagging or leading current, etc., and the different types 
of converters. 

The sulxiivision into direct current and alternating cur- 

121 
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rent apparatus is unsatisfactory, since it includes in the same 
class apparatus of entirely different character, as the induc- 
tion motor and the alternating current generator, or the 
constant potential commutating machine, and the rectifying 
arc light machine. 

Thus the following classification, based on the charac- 
teristic features of the apparatus, has been adopted by the 
A. I. E. E. Standardizing (..otnmiaee, aud is used in the fol- 
lowing discussion. It refers ojly to the apparatus trans- 
forming between electric and electric, and between electric 
and mechanical power. 

1st. Commutating machines , consisting of a uni-direc- 
tional magnetic field and a closed coil armature, connected 
with a multi-segmental commutator. 

2d. Synchronons machines^ consisting of a imi-direc- 
tional magnetic field and an armature revolving relatively to 
the magnetic field at a velocity synchronous with the fre- 
quency of the alternating current circuit connected thereto. 

3d. Rectifying apparatus ; that is, apparatus reversing 
the direction of an alternating current synchronously with 
the frequency. 

4th. Induction machines ^ consisting of an alternating 
magnetic circuit or circuits interlinked with two electric cir- 
cuits or sets of circuits, moving with regard to each other. 

5th. Stationar)' Induction apparatus, consisting of a 
magnetic circuit interlinked with one or more electric 
circuits. 

()th. Electrostatic and electrolytic apparatus, as con- 
densers and polarization cells. 

Apparatus changing from one to a different form of 
electric energy have been defined as : 

A. — Transformers, when using magnetism, and as 

B. — Converters, when using mechanical momentum as 
intermediary form of energ)'. 

The transformers as a rule are stationary, the convei 
rotary apparatus. Motor-generators transfom 
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electrical over mechanical to electric power by two separate 
machines, and dynamotors, in which these two machines are 
comUned in the same structure, are not included under con- 
verters. 

1. Comtnutating machines as generators are usually built 
to produce constant potential for railway, incandescent light- 
ing, and general distribution. Only rarely they are designed 
for approximately constant power for electro-metallurgical 
work, or approximately constant current for series incan- 
descent or arc lighting. As motors commutating machines 
give approximately constant speed, — shunt motors, — or 
large starting torque, — series motors. 

WTien inserted in series in a circuit, and controlled so as 
to give an E.M.F. varying with the conditions of load on the 
system these machines are *' boosters,'' and are generators 
when raising the voltage, and motors when lowering it. 

Commutating machines may be used as direct current 
converters by transforming power from one side to the other 
side of a three-wire system. 

2. WTiile in commutating machines the magnetic field 
is almost always stationary and the armature rotating, 
sytuhnnwHS machines are built with stationary field and re- 
volving armature, or with stationary armature and revolving 
field, or inductor machines with stationary armature and 
stationary field winding, but revolving magnetic circuit. 

By the number and character of the alternating circuits 
connected to them they are single-phase ( r polyphase ma- 
chines. As generators they comprise practically all single- 
phase and polyphase alternating current generators, as 
motors a very important class of apparatus, the synchrotwus 
motors, which are usually preferred for large powers, 
especially where frequent starting and considerable starting 
torque are not needed. Synchronous machines may be used 
as compensators to produce wattless current, leading by over- 
excitation, lagging by under-excitation, or may be used as 
^^'nverters by operating a ]X)lyphase synchronous 
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r.iotor by one i)air of terminals from a single-phase circuit. 
The most important class of converters, however, are the 
symhronv VIS commutating machines, to which, therefore, a 
special du.j'tcr will be devoted in the following. 

Synchnmous commutating machines contain a uni-direc- 
tional magnetic field and a closed circuit armature connected 
aimultaneously to a segmental direct current commutator 
and by ct^lleetor rings to an alternating circuit, m^^tly a 
polyphase system. These machines thus can either receive 
ttlternating ami yield direct current power as synchronous 
co;uerters, or simply ^WoMvvrfcrSy'' or receive direct and yi-^ld 
allor voting current pi>wer as i$n*erted comrrtirs, t.r driven 
by nuvhanieal i>*>\wr yield alternating and d.rcct current as 
dofid/t CNnrMf gt'Ment/ifrs. Or they can combine mottc and 
grneiator action with their converter action. Thus a com- 
nu>n aunbi nation is a synchronous converter supphin^ a 
certain amount of mechanical power as s}Tichronous mcttttr. 

8» KtififriNi;;^ .^ftuArms are apparatus which by a sji>- 
chn>nously ix^vob ii\;;^ rectifying a^mmutat or send the sa^c^:- 
»ivc half waves of an aheniaiing single-phase or pohphaac 
circuit in the s,une dirovnion into the recei\Tng circuit, Tlie 
nh^sl imiH>rtant class of such a|.^)aratus are the ^*-w *-»i' 
^n^ !(;i^kr m.K*::'f<'\ whi.h generate the rectified E-?I.F. ai 
a|)|^n'^ximately c ":ist,^»:n current, in a star<Yninected ihre*^ 
j^iii^ annaiurx^ in the Thomson-Houston, as quaiter-pba^^e 
K.M.F. in the Urush arc-light machine. 

4v /mi\.%'f*'ff 9mtKtimfs are generally used as nuft/trs. 
|x>hT4ww50 *Mr sin^le-i^hase. In this case they run ai piacii- 
oaUv ct\nst,tnt s]xx\i slowing down slLrhtly with increasii^ 
Ivvl A^ o •»*"''^-'«''>' the frequency- of the E.M-F. sopplirc 
i>'» them ^. iYn^.-^ from and is lower than the freanenr^- of 
V t.uion, ^\;t :>or o'XTariv>n depends upon the phase TehK 
'..^n of tVo c\: ^r-^.;! v^-.rr::::. As fkasr crrrrr^rrr indnrtiaB 

i.xhincs v\'ir. >o ;:<Ov-. •>. 'he saine Tnar.'^er a?! 5\Tictamo 
^"i\^o>sr>o^ Thxv: r^»>v: important use be^^ides as mobns i 
K^wovvV, ,'^!^ "V.^'-./r, ' w-'vrrrrrry, by changing from ■» 



INTRODUCTION, 125 

pressed primary polyphase system to a secondary polyphase 
system (A different frequency. In *this case when lowering 
the frequency, mechanical energy is also produced ; when 
raising the frequency, mechanical energy is consumed. 

5. The most important stationary induction apparatus is 
the transformer^ consisting of two electric circuits interlinked 
with the same magnetic circuit. WTien using the same or 
pert cf the same electric circuit for primary and scccnddry, 
the transformer is called a compensator or auto- transformer. 
When inserted in series into an alternating circuit, and 
arranged to vary the E.M.F., the transformer is called 
potential regulator or booster. The variation of secondary 
E.M.F. may be secured by varying the relative number of 
primary and secondary turns, or by varying the mutual 
induction between primary and secondary circuit, either 
electrically or magnetically. The stationary induction appa- 
ratus with one electric circuit are used for producing wattless 
lagging currents, as reactive or choking coils. 

0. Cofidensers and polarization cells produce wattless 
leading currents, the latter, however, at a very low effi- 
ciency, while the efficiency of the condenser is extremely 
high, freCjUently above 99 7© ; that is, the loss of energy is less 
than 1% of the apparent volt-ampere input. 

To this classification may be added the uni-polar^ or, 
mere correctly, non-polar machine, in which a conductor 
cuts a magnetic field at a uniform rate. Thus far these 
machines do not appear of any practical value. 

Regarding apparatus transforming between electric energy 
and forms of energy differing from electric or mechanical 
energy: The transformation between electrical and rhemicrl 
energy is represented by the primarv and secondarv battery 
and the electrolytic cell. The transformation between elec- 
trical and heat energy by the thermopile, and the el'=*ctric 
heater or el**ctric furnace. The transformation between 
Hcrtrical and light energy by the incandescent and arc 
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A. SYNCHRONOUS MACHINES. 
I. General. 

The most important class of alternating cxirrent appa- 
ratus consists of the synchronous machines. They com- 
prise the alternating current generators, single-phase and 
polyphase, the synchronous motors, the phase compensators 
and the exciters of induction generators, that is, synchronous 
machines producing wattless lagging or leading currents^ 
and the converters. Since the latter combine features of 
the commutating machines with those of the synchronous 
machines they will be considered separately. 

In the synchronous machines the terminal voltage and 
the induced E.M.F. are in synchronism with, that is, of the 
same frequency as, the speed of rotation. 

These machines consist of an armature, in which E.M.F. 
is. induced by the rotation relatively to a magnetic field, and 
a continuous magnetic field, excited either by direct current, 
or by the reaction of displaced phase armature currents, or 
by permanent magnetism. 

The formula of induction of synchronous machines^ or 
commonly called alternators, is, 

E = VStt^V//* = 4.44 iV>?*, 

where n is the number of armature turns in series interlinked 
with the magnetic flux * (in ml. per pole), and N the fre- 
quency of rotation (in hundreds of cycles per sec), .fthe 
E.M.F. induced in the armature turns. 

This formula assumes a sine wave of E.M.F. If the 
E.M.F. wave differs from sine shape, the F.M.F. is 

E = 4.44 yNftifi, 



/ 
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2 V2 
where y = form factor of the wave, or times ratio of 

IT 

eflfective to mean value of wave. 

The form factor y depends upon the wave shape of the 
induced E.M.F. The wave shape of E.M.F. induced in 
a single conductor on the armature surface is identical with 
that of the distribution of magnetic flux at the armature 
surface and will be discussed more fully in the chapter on 
Commutating Machines. The wave of total E.M.F. is the 
sum of the waves of E.M.F. in the individual conductors, 
ridded in their proper phase relation, as corresponding to 
their relative positions on the armature surface. 

In a F or star-connected three-phase machine, if .f^ = / 

E.M.F. per circuit, or Y or star E.M.F., E^E^^yl'i is v. 

the E.M.F. between terminals or A or ring E.M.F., since 
two E.M.F.*s displaced by G0° are connected in series be- 
tween terminals (V3 = 2cos 30°). 

In a A-connected three-phase machine, the E.M.F. per 
circuit is the E.M.F. between the terminals, or A E.M.F. 

In a K-connected three-phase machine, the current per 
circuit is the current issuing from each terminal, or the line 
current, or K current. 

In a A-connected three-phase machine, if /^ = current per 
circuit, or A current, the current issuing from each terminal, 
or the line or K current, is 

/ = /oV3. 

Thus in a three-phase system, A current and E.M.F., 
and F current and E.M.F. (or ring and star current and 
E.M.F. respectively), are to be distinguished. They stand 
in the proportion : 1 -h V3. 

As a rule, when speaking of current and of E.M.F in a 
three-phase system, under current the Y current or current 
per line, and under E.M F., the ^:^ E.M.F. or E.M.F. 
iM^tween lines is understood. 
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In a synchronous machine we have to distinguish be- 
twieen terminal voltage E^ real induced E.M.F. E^^ virtual 
induced E.M.F. E^ and nominal induced E.M.F. E^ 

The real induced E.M.F. E^ is the E.M.F. induced in 
the alternator armature turns by the resultant magnetic 
flux, or magnetic flux interlinked with them, that is, by the 
magnetic flux passing through the armature core. It is 
equal to the terminal voltage plus the E.M.F. consumed by 
the resistance of the armature, these two E.M.F.'s being 
taken in their proper phase relation, 

where / = current in armature, r = effective resistance. 

The virtual induced E.M.F. E^ is the E.M.F. which a£^,^iju 
would be induced by the flux produced by the field poles, or T ^ 
flux corresponding to the resultant M.M.F., that is, the resul- _ ^^ 
tant of the M.M.F.'s of field excitation and of armature 
reaction. Since the magnetic flux produced by the anna- 
ture, or flux of armature self-induction, combines with the 
field flux to the resultant flux, the flux produced by the field 
poles does not pass through the armature completely, and 
the virtual E.M.F. and the real induced E,M.F. differ from 
each other by the E.M.F. of armature self-induction; but 
the virtual induced E.M.F., as well as the E.M.F. induced in 
the armature by self-induction, have no real and independent 
existence, but are merely fictitious components of the real 
or resultant induced E.M.F. E^ 

The virtual induced E.M.F. is, 

E^=E^-\'Ix, . / 4J^-^l;c 

where x is the self-inductive armature reactance, and the 
E.M.F. consumed by self-induction Zr, is to be combined 
with the real induced E.M.F. E^ in the proper phase 

The nominal induced E.M.F. E^ is the F *' 
would be induced by the field excitation if ♦ 
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self-induction nor armature reaction, and the saturation were 
the same as corresponds to the real induced E.M.F. It 
thus does not iX)rrcspond to any magnetic flux, and has no 
existence at all, but is merely a fictitious quantity, which, 
however, is very useful for the investigation of alternators 
by allowing the combination of armature reaction and self- 
induction into a single effect, by a (fictitious) self-induction 
or synchronous reactance x^. The nominal induced E.M.F. 
would be the terminal voltage at open circuit and full load 
excitation if the saturation curve were a straight line. 

The synchronous rea ctanc e x^ is thus a quantity com- 
bining armature reaction and seifinduction of the alternator. 
It is the only quantity which can easily be determined by 
experiment, by running the alternator on short circuit with 
excited field. If in this case /^ = current, W^ = loss of power 
in the armature coils, E^ = E.M.F. correspondmg to the field 

E 
excitation at open circuit ; -^ = ^Tq is the sync hronous im- 

W 
>edance ~ =^r^ is the effective resistance (ohmic resistance 

plus load losses), and x^ = '^z^ — r^ the synchronous re- 
actance. 

In this feature lies the importance of the term " nominal 
induced E.M.F." -5*0 : 

these terms being combined in their proper phase relation. 
In a polyphase machine, these considerations apply to each 
of the machine circuits individually. 



III. Armature Reaction. 

The magnetic flux in the field of an alternator under 
load is produced by the resultant M.M.F. of the field excit- 
ing current and of the armature current. It depends upon 
the phase relation of the armature current. The E.M.F. 
induced by the field exciting current or the nominal in 
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duced E.M.F. reaches a maximum when the armature coil 
faces the position midway between the field poles, as shown 
in Fig. 39, A and A\ Thus, if the armature current is in 
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phase with the nominal induced E.M.F., it reaches its maxi- 
mum in the same position Ay A' of armature coil as the 
nominal induced E.M.F., and thus magnetizes the preceding, 
demagnetizes the following magnet pole (in the direction of 
rotation) in an alternating current generator A ; magnetizes 
the following and demagnetizes the preceding magnet pole 
in a synchronous motor, A' (since in a generator the rotation 
is against, in a synchronous motor with the magnetic 
attractions and repulsions between field and armature). In 
this case the armature current neither magnetizes nor 
dem I .cnetizes the field as a whole, but nM^etizes the one 
side, demagnetizes the other sifle of each field pole, and thus 
merely distorts the magnetic field. 
.^ If the armature current lags behind the nominal induced 
/ E.M.F*., it renchcs its maximum in a position where the 
I armature coil already faces the next magnetic pole, as shown 
\ in F*i<;. 39, B and B\ and thus demagnetizes the field in P 
\ generator, B, magnetizes it in a synchronous mot< 
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If the armature current leads the nominal induced 
E.M.F., it reaches its maximum in an earlier position, while 
the armature coil still partly faces the preceding magnet 
pole, as shown in Fig. 39, C and C, and thus magnetizes the 
field in a generator, Fig. 39, C, and demagnetizes it in a 
synchronous motor, C. 

With non-inductive load, or with the current in phase 
with the terminal voltage of an alternating current generator, 
the current lags behind the nominal induced E.M.F., due to 
armature reaction and self-induction, and thus partly 
demagnetizes ; that is, the voltage is lower under load than 
at no load with the same field excitation. That is, lagging \ 
current demagnetizes, leading current magnetizes, the field j 
of an alternating current generator, while the opposite is the / 
case with a synchronous motor. 

In Fig. 40 let 0F= (F = resultant M.M.F. of field excita- 
tion and armature current (the M.M.F. of the field excitation 
being alternating also with 
regard to the armature 
coil, due to its rotation) 
and ft), the lag of the cur- 
rent / behind the virtual 
E.M.F. E^ induced by the 
resultant M.M.F. 

The virtual E.M.F. E^ 
lags 90° behind the re- 
sultant flux of OFy and is 
thus represented by OE^ 
in Fig. 40, and the M.M.F. 
of the armature current 
/ by Of, lagging by angle 
«d^ behind OE^ The re- 
sultant M.M.F. 6^ is the 
diagonal of the parallelo- _ ^'^•*^- 

gram with the component M.M.F 's Of= armature M.M.P\ 
^^ a* total impressed E.M.F. or field excitation, as 
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sides, and from this construction OiFg is found. O^^ is thus 
the position of the field pole with regard to the armature. 
It is trigonometrically, 

If /= current per armature turn in amperes effective, J A 

;/ = number of turns per pole in a single-phase alternator, 
the armature reaction is/= « /ampere turns effective, and 
is pulsating between zero and nl V2. . .f.v^i. j^ 

In a quarter-phase alternator with «^ turns per pole, and ^ 
phase in series and / amperes effective per turn, the arma- a 
ture reaction per phase is « / ampere turns effective, and 
« / V2 ampere turns maximum. The two phases magnetize 
in quadrature, in phase, and in space. Thus at the time /, 
corresponding to angle <^ after the maximum of the first 
phase, the M.M.F. in the direction by angle <^ behind the 
direction of the magnetization of the first phase is nl V2 cos' 
<^. The M.M.F. of the second phase is n I'^2 sin'<^, thus 
the total M.M.F. or the armature reaction/ = nl^, and is 
constant in intensity, but revolves synchronously with regard 
to the armature ; that is, it is stationary with regard to the 
field. 

In a three-phaser of n turns in series per pole, and phase 
and /amperes effective per turn, the M.M.F. of each phase 
is nl V2 ampere turns maximum, thus at angle ^ in position 
and angle ^ in time behind the maximum of one phase ; 

the M.M.F. of this phase is, 

«/V2cos^<^. CAy>tU>z - 

The M.M.F. of the second phase is, ^* 

«/V2 cos^ (</> -I- 120) = «/V2 (-.5 cos <^ -.5 VSsin ^)\ ^ 

The M.M.F. of the third phase is, 
ri/sf^ cos- «t> -\- 240) = ;//V2(-.r)cos</> -f .5 V3sin«^)*. 

Thus the total M.M.F. or armature reaction, 

/= ///\A2(cos-<^ -f .25cos««^ -f-.75sin««^ -f .25co9^ 
= 1.5«/V2, 
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constant in intensity, but revolving synchronously with 
regard to the armature, that is, stationary with regard to the 
field. These values of armature reaction correspond strictly 
only to the case where all conductors of the same phase are 
massed together in one slot. If the conductors of each phase 
are distributed over a greater part of the armature surface, 
the values of armature reaction have to be multiplied by the 
average cosine of the total angle of spread of each phase. 

IV. Self-induction. 

^ ^^ The effect of self-induction is similar to that of armature 
reaction, and depends upon the phase relation in the satne 
manner. 

If i5*i= real induced voltage, <0j= lag of current behind 
induced voltage E^, the magnetic flux produced by the arma- 
ture current / is in phase with the current, and thus the 
counter E.M.F. of self-induction in quadrature behind the 
current, and therefore the E.M.F. consumed by self-induction 
in quadrature ahead of the current. Thus in Fig. 41, de- 
noting EO^ = E^ the induced 
E.M.F., the current is, 01 ^ly 
lagging Wj behind (^iE*!, the E.M.F. 
consumed by self-induction 
OEl\ 90° ahead of the current, 
and the virtual induced E.M.F. 
E^ the resultant OE^ and OE^' , 
As seen, the diagram of E.M.F.'s 
of self-induction is similar to 
the diagram of M.M.F.'s of armature reaction. 

From this diagram we get the effect of load and phase 
relation upon the E.M.F. of an alternating current generator. 

Let E = terminal voltage per machine circuit, 
/ = current per machine circuit, 
Mid 0) = lag of current behind terminal voltage. 
L«t r ss resistance, 

■ reactance of alternator armature. 




Fig. 41. 
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Then, in the polar diagram, Fig. 42, 

OE = E, the terminal voltage, assumed as zero vector. 

01 = /, the current, lagging by angle EOI =^ w. 

The E.M.F. con- 
sumed by resistance 
is, 

OE( = Tr in phase 
with 0~L 

The E.M.F. con- 
sumed by ^act- 
ance, 

2Ei = Ix, _90° 
ahead of 01, 

The r^l induced E.M.F. is found by 
combining OE and OE^ to, 

OE^=E^. 




Ea 



The v irtual induced E.M.F. is OEi 
and OE^ combined to 



OE^=E^ 



The M.M.F. required to produce this E.M.F. E^ is OFi 
= y, 90** ahead of OE^. It is the resultant of armature 




Fig. 43. 



A/^ 



^ 



M.M.F. or armature reaction, and of impressed M.M.F. or 
' field excitation. The armature M.M.F. is in phase with t^ 
current /, and is n/ in a single-phaser, n V2 /in a qn 
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phaser, 1.5 y2 ///in a three-phaser, if // = number of arma- 
ture turns per pole and phase. The M.M.F. of armature 
reaction is represented in the diagram by Of — fm phase 
with Of, and the impressed M.ALF. or field excitation O^^ 
= ^0 ^s the side of a parallelogram with O^ as diagonal and 
Of as other side. Or the M.M.F. consumed by armnture 
reaction is represented by Of'=f in opposition to 01. 
Combining Of and O^ gives d^^= ^^ the field excitation. 





A>o - 



Fig. 46. 




i^j^ - 



- L^^ 



In Figs. 43, 44, 45 are drawn the diagrams 
for o) = zero or non-inductive load, w = 60°, or 
60° lag (inductive load of power factor .50), and 
w = — 60°, or 60° lead (anti-inductive h^ad of 
power factor .50). 

As seen, with the same terminal voltage £, 
with inductive load a much higher, with anti- 
inductive load a lower, field excitation ^q is re- 
quired than with non-inductive load. At open 
circuit the field excitation required to produce 

terminal voltage £" would be — ^ = fFoo, or less than the field 

excitation (F^ with non-inductive load. 

Inversely, at constant field excitation, the voltage of an 
alternator drops at non-inductive load, drops much more with 
inductive load, and drops less, or even rises, with anti- 
ipr ' -^ load. 
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V. Synchronous Reactance. 

In general, both effects, armature self-induction and 
armature reaction, can be combined by the term " synchro- 



nous reactance. 



»» 



Let r 
I 

0> 



effective resistance, 

synchronous reactance of armature, as discussed in 

section II. 
terminal voltage, 
current, 
angle of lag of current behind terminal voltage. 



< -J 




V 



^/ 






Pig, 46. "^^(i . . • 




Fig. 47. 



It is in polar diagram. Fig. 46. 

OE = £ = terminal voltage assumed as zero vector. 
Ol= 1= current lagging by angle £0/ = w behind the ter- 
minal voltage. 

0£i = /r is the E.M.F. consumed by resistance, in 
phase with Of, and OEq^^Ix^ the E.M.F. consumed by the 
synchronous reactance, 90° ahead of the current 01. 

6e; and d£^ combined give 0£' = £' the E.M.F. 
consumed by the synchronous impedance. 

Combining OE^y OE^, OE gives the nominal induced 
E.M.F. 0E^= E^ corresponding to the field excitation 9^ 

In Figs. 47, 48, 49, are shown the diagrams ioi m^ O 
non-inductive load, w = 60° lag or inductive load, 
— 60° or anti-inductive load. 

Resolving all E.M.F.'s in compcment 
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quadrature with the current, or in energy components and 
in wattless components, it is, in symbolic expression. 

Terminal voltage E^E cos o> ^jE sin o>, 

E.M.F. consumed by resistance, -Pi'= iV", 

KM.F. consumed by synchronous reactance, E^^ — yw^o* 

Nominal induced E.M.F., 

^0 = ^ + ^/+ ^o'= (^coso) -h/>)-y(^sin 01 -f />o); 
or, since 

- _ r 1 J / energy currentX 

cos o) =/ = power factor of load I = ^ — I 

— -^ ^ \ total current / 

and 

q = VI— /*= sin CD = inductance factor of load 

wattless currentX 
total current / 

It IS, 

^,= {Ep + />) -ji^Eq + /k,), 

or, absolute, 

^0= V(:5/ +'JR)» T"(^? + ^,)' ; 



(= 




r. 



hence, 




^ = V^»- «"»(xa/- '•?)* - Kf + *«?)• ' - '"-""' " ' 







^ ^ r^ r- 



f/g. 4P. 
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The power delivered by the alternator into the external 
circuit is, 

P = iEp, 

t times energy coniponent of terminal voltage. 
■»er produced in the alternator arma- 
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that is, current times energy component of nominal induced 
E.M.F., or, what is the same, current times energy component 
of real induced E.M.F. 
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VI. Characteristic Curves of Alternating Current Generator. 

In Fig. 50 are shown, at constant terminal voltage E, the 
values of nominal induced E.M.F, E^ and thus of field exci- 
tation iF„ with the current / as abscissae and for the three 
conditions, 

1). Non-inductive load,/ = l,y= 0, 

2). Inductive load of <o = 60° lag,/ = .5, y = .866, 

3). Anti-inductiveloadof— »=»60''lead,/=.5, ^=-.866. 
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Fig. Bl. 



The values r~.1,x^=5, £" = 1000, are assumed. These 
curves are called the " Com|X)unding Cunes of the Synchro- 
nous Generator." 

In Fig. 51 are shown, at constant nominal induced 
" *^t is, constant field excitation !F^ the values of 
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terminal voltage E with the current / as abscissae and for 
the same resistance and synchronous reactance r = .\, x,= 5, 
for the three different conditions : 

1). Non-inductive load,/ = 1, y = 0, £„= 1,127. 
2). Inductive load of 60° lag, 

/ = .5, q = .866, £„ = 1,468. 
3). Anti-inductive load of 60° lead, 
/ = .6, j» = -.866, .^0=628. 
The values of E^ <and thus of ffo) a^c assumed so as to 
give E= 1000 at /= 100, These curves are called the 
" Field Characteristics " of the alternator, or the " Regula- 
tion Curves " of the synchronous generator. 
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In Fig. 52 are shown the "Load Curves" of the ma- 
chine, with the current / as abscissae and the watts output 
as ordinates corresponding to the same three conditions as 
Fig. 61. From the field characteristics of the alternator 
are derived the open-circuit voltage of 1127 at full non- 
inductive load excitation, = 1.127 times full load voltage; 
the short-circuit current 225 at full non-inductive load exci- 
tation, = 2.25 times full-load current; and the maximum out- 
put, 124 K.W., at full non-inductive load excitation, = 1.24 
times rated output, at voltage 775 and current 160 amperes. 
On the point of the field characteristic on which the alter- 
nator works depends whether it tends to regulate for, that 
is, maintain, constant voltage, or constant current, or con- 
stant power. 

fO VII. Synchronous Motor. 

As seen in the preceding, in an alternating current 
generator the field excitation required for a given terminal 
voltage and current depends upon the phase relation of the 
external circuit or the load. Inversely in a synchronous 
motor, the phase relation of the current 
flowing into the armature at a given 
terminal voltage depends upon the field 
excitation and the load. 

Thus, if jE* = terminal voltage or 
impressed E.M.F., / = current, w = lag 
of current behind impressed E.M.F. in 
a s)mchronous motor of resistance r 
and synchronous reactance x^ the polar 
diagram is as follows. Fig. 53. 

OE = £" is the terminal voltage assumed as zero vector. 
The current 01 ^ I lags by angle EOI = o>. 

The E.M.F. consumed by resistance, is OE'^^Ir. The 
E.M.F. consumed by synchronous reactance, OHq = Lx\. 
Thus, combining OE^ and OE^ gives 0E\ the E.M.F. con- 
sumed by the synchronous impedance. The E.M.F. con- 
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sumed by the synchronous impedance OE'^ and the E.M.F. 
consumed by the nominal induced or counter E.M.F. of the 
synchronous motor OE^ combined, give the impressed 
E.M.F. OE. Hence OE^ is one side of a parallelogram, 
with OE^ as the other side, and OE as diagonal. OE^ equal 
and opposite OE^ would thus be the nominal counter 
E.M.F. of the synchronous motor. 

In Figs. 54, 55, 56, are shown the polar diagrams of 
the synchronous motor for w = 0°, o> = 60°, w = — 60°. As 




Fig. 66. 

^seen, the field excitation has to be higher with leading, 

I lower with lagging current in a synchronous motor, while 

y the opposite is the case in an alternating current generator. 

In symbolic representation, by resolving all E.M.F.'s in 

energy components in phase with the current and wattless 

in quadrature with the current /, we have. 
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Terminal voltage, E =• E cos oi — jE sin a> = Ep —jEq, 

E.M.F. consumed by resistance, E^ = />. 

E.M.F. consumed by synchronous reactance, Eq =^ — y^o* 

Thus the E.M.F. consumed by nominal induced E.M.F., 
or motor counter E.M.F. 

Eq = E — E( — Ei = {E cos 01 — ir) — j(E sin o) — Wo) 

• • • • 

= (Ep - />) -X^^ - txi), 
or absolute, 

^0 = V(^cos 01 - />)» -h (^ sin~<u'-7i^« r ^^ ^^ 
hence, 




The power consumed by the synchronous motor is 

P=iEp, 

that is, current times energy component of impressed 
E.M.F. 

The mechanical power delivered by the synchronous 
motor armature is, 

P^^i{Ep-it% 

that is, current times energy component of nominal induced 
E.M.F. Obviously to get the available mechanical power, 
the power consumed by mechanical friction and by molecular 
magnetic friction or hysteresis, and the power of field excita- 
tion, hai to be subtracted from this value P^, 

VIII. Characteristic Curves of Synchronous Motor. 

In Fig. 57 are shown, at constant impressed E.M.F. E 
the nominal counter E.M.F. E^ and thus the field excitation 
(Fo required 

1.) At no phase displacement, <o=0, or for the condition 

of minimum input ; 
2.) For a> = -f- 60, or 60° lag : / = .6, ^ = -f- >^^^. and 
3.) For 01 = - 60, or 60° lead : / = .6, ^ = - .866, 
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with the current / as abscissae, for the constants, 
r = .l, Jo = 6; £ = 1,000. 
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These curves are called the " Compounding Curves of 
the Synchronous Motor." 

In Fig. 58 are si" 'vith the power output f" = i 
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{Ef — ir) — (hysteresis and friction) as abscissae, and the same 
constants r= .'i,x^= 5, E = 1000, and constant field excita- 
tion ffg ; that is, constant nomina) induced or counter E.M.F. 
£',= 1109(correspondingto^=l, ? = 0at/=100), the values 
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of current / and power factor /. As hysteresis loss is 
assumed 3000 watts, as friclton 2000 watts. Such curves 
are called "Load Characteristics of the Synchronous Motor." 
In Fig, 59 are shown, with constant power output, /*„= 
i{Ep - i>), and the same constants: r=.1. -r„=o, ^=1000, 
and with the nominal induced voltage E„ that is field excita- 
tion y, as abscissae, the values of current /, for the four con- 
ditirms : 
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Pa= 5 K.W., or y. = . or no load, 

Po = 50 K.W.. or /', = 45 K.W., or half load, 

J>^ = 96 K.W., or /', = flO K.W.. or full load, 

J>^ = 140 K.W.. or y, = l.'ifl K.W., or 150% of load. 

" Phase Characteristics of the 



Such curves are 


caUed 


Synchronous 


Motor. 




We have 








A = 


IMP-. 


Hence, 




P. + i'r 



Similar phase characteristics exist also for the synchron- 
ous generator, but are of less interest. As seen, on each 
of the four phase characteristics a certain field excitation 
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jpves minimum curront, a lesser excitation gh'es lagging c«r- 
roiit. a .icrcUtT oxiitatinn leading curr«it. The higher the 
svni'hnmmis react ;»nix' .r„ ami thus the armature reaction erf 
the synchronous nioinr. the llatior are the phase character- 
istics: that is. the loss sensitive is the synchronous motor 
for a change of field excitation or of impressed E.M.F. 
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Thus a relatively high armature reaction is desirable in' 
a synchronous motor to secure stability ; that is, indepen- 
dence of minor fluctuations of impressed voltage or of field 
excitation. 

Ihe theoretical maximum output of the synchronous 
motor, or the load at which it drops out of step, at constant 
impressed voltage and frequency is, even with very high 
armature reactioi., usually far beyond the heating limits of 
Ihc machine. The actual maximum output depends on the 
drop of terminal voltage due to the increase of current, and 
on the steadiness or uniformity of the impressed frequency, 
thus upon the individual conditions of operation, but is as a 
rule far above full load. 

Hence, by varying the field excitation of the synchronous 
motor the current can be made leading or lagging at will, 
and the synchronous motor thus offers the simplest means of 
producing out of phase or wattless currents for controlling 
the voltage in transmission lines, compensating for wattless 
currents of induction motors, etc. Synchronous machines 
used merely for supphing wattless currents, that is, synchro- 
nous motors or generators running light, with over excited 
or under excited field, are called sj^nchrc nious c ompensato rs. 
They can be used as exciters for induction generators, as com- 
pensators for the wattless lagging currents of induction 
motors, etc. Sometimes they are called " rotary condensers " 
or dynamic condensers when used only for producing leading 
currents. 

VSL. Magnetic Characteristic or Saturation Curve. 

The dependence of the induced E.M.F., or terminal volt- 
age at open circuit upon the field excitation, is called the 
"Magnetic Characteristic," or "Saturation Curve," of the 
synchronous machine. It has the same general shape as 
the curve of magnetic induction, consisting of a straight part 
below saturation, abend or knee, and a saturated part beyond 
the knee. Generally the change from the unsaturated to the 
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over saturated portion of the curve is more gradual, thus 
the knee is less pronounced in the magnetic characteristic of 
the synchronous machines, since the different parts of the 
magnetic circuit approach saturation successively. 

The dependence of the terminal voltage upon the field 
excitation, at constant full-load current flowing through the 
armature into a non-inductive circuit, is called the " Load 
Saturation Curve '* of the synchronous machine. It is a 
curve approximately parallel to the no-load saturation curve, 
but starting at a definite value of field excitation for zero 
terminal voltage, the field excitation required to send full- 
load current through the armature against its synchronous 
impedance. 

The ratio, '^ _ ^ 

is called the " Saturation Coefficient " of the machine. It 
gives the ratio of the proportional change of field excitation 
required for a change of voltage. 

In Fig. 60 is shown the magnetic characteristic or 
no-load saturation curve of a synchronous generator, the 
load saturation curve and the no-load saturation coefficient, 
assuming E = 1000, / = 100 as full-load values. 

In the preceding the characteristic curves of synchron- 
ous machines were discussed under the assumption that the 
saturation curve is a straight line ; that is, the synchronous 
machines working below saturation. 

The effcc of saturation on the characteristic curves of 
synchronous machines is as follows : The compounding 
curve is impaired by saturation. That is, a greater change 
of field excitation is required with changes of load. Under 
load the magnetic density in the armature corresponds to the 
true induced E.M.F. /T,. the magnetic density in the field 
to the \ irtual induced E.M.F. E,,. Both, especially the latter, 
are hi\chcr than the no-load E.M.F. or terminal voltage ^in 
the r^cnerator, and thus a greater increase of field excitation 
is required in presence of saturation than in the absence 
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thereof. In addition thereto, due to the counter M.M.F. of 
the armature current, the magnetic stray field, that is, that 
magnetic flux which leaks from field pole to field pole 
through the air, increases under load, especially with induc- 
tive load where the armature M.M.F. directly opposes the 
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field, and thus a still further increase of density is required 
in the field magnetic circuit under load. In consequence 
thereof, at high saturation the load saturation curve differs 
more from the no-load saturation cur\'e than corresponds 
to the synchronous inpedance of the machine. 

The regulation becomes better by saturation ; that is, 
the increase of voltage from full load to no load at con- 
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stant field excitation is reduced, the voltage being limited 
by saturation. Owing to the greater difference of field ex- 
citation between no load and full load in the case of magnetic 
saturation, the improvement in regulation is somewhat 
lessened however, or may in some circumstances be lost 
altogether. 

X. Efficiency and Losses. 

Besides these curves the efficiency curves are of interest. 
The efficiency of alternators and synchronous motors is 
usually so high that a direct determination 1 y measuring 
the mechanical power and the electric power is less reliable 
than the method of adding the losses, and the latter is 
therefore commonly used. 

The losses consist of, 

Resistance loss in the armature or the induced member, 

Resistance loss in the field, 

Hysteresis and eddy current losses in the magnetic circuit, 

Friction and windage losses, 

And eventually load losses, that is, eddy currents or hyste- 
resis due to the current flowing in the armature under 
load. 

The resistance loss in the armature is proportional to 
the square of the current /. 

The resistance loss in the field is proportional to the 
square of the field excitation, that is, the square of the 
nominal induced or counter E.M.F. E^, 

The hysteresis loss is proportional to the 1.6th power of 
the real induced E.M.F. jCj = E±Ir. 

The eddy current loss is usually proportional to the 
square of the induced E.M.F. E^. 

The friction and windage loss is constant. 

The load losses vary more or less proportionally to the 
square of the current in the armature, and should be small 
with proper design. They can be represented by an " effec- 
tive" armature resistance. 
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Assuming in the preceding instance, 
A friction loss of 2000 watts, 
A hysteresis loss of 3000 watts, at the induced E.M.F. 

£, = 1000 ; 
A resistance loss in the field of 800 watts, at E„ = 1000 ; 
Load loss at full load of COO watts. 

The loss curves and efficiency curves arc plotted in Fig. 
61 for the generator with the current output at nun-inductive 
load or u = as abscissae, and in Fig. 62 for the synchronous 
motor, with the mechanical power output as abscbsae. 
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XI. Unbalancing of Polyphase Synchronous Machines. 

The preceding discussion applies to polyphase as well as 
single-phase machines. In polyphase machines the nominal 
induced E.M.F.'s or nominal counter E.M.F.'s are neces- 
sarily the same in all phases (or bear a constant relation to 
each other). Thus in a polyphase generator, if the current 
or the phase relation of the current is different in the 
different branches, the terminal voltage must become different 
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also, more or less. This is called the unbalancing of the 
polypliase generator. It is due to different load or load of 
different inductance factor in the different br^iches. 

Inversely in a polyphase synchronous motor, if the 
terminal voltages of the different branches are unequal, due 
to an unbalancing of the polyphase circuit, the syr.chronous 
motor takes more current or lagging current from the branch 
of higher voltage, and thereby reduces its \oltage, and takes 
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less current or leading current* from the branch of lower 
voltage, or even returns current into this branch, and thus 
its voltage. Hence a synchronous motor tends to 
restore the balance of an unbalanced polyphase system ; 
that is, it reduces the unbalancing of a polyphase circuit 
caused by an unequal distribution or unequal phase relation 
of the load on the different branches. To a less degree 
. the induction motor possesses the same property. 
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XII. Starting of Synchronous Motors. 

In starting, an essential difference exists between the 
single-phase and the polyphase synchronous motor, in so far 
as the former is not self-starting, but has to be brought to 
complete synchronism, or in step with the generator, by ex- 
ternal means before it can develop torque, while the poly- 
phase synchronous motor starts from rest, and runs up to 
synchronism with more or less torque. 

In starting, the field excitation of the polyphase syn- 
chronous motor must be zero or very low. 

The starting torque is due to the magnetic attraction of 
the armature currents upon the remanent magnetism left 
in the field poles by the currents of the preceding phase, or 
the eddy currents induced therein. 
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Fig. 63. 



Let Fig. 63 represent the magnetic circuit of a poly- 
phase synchronous motor. The M.M.F. of the polyphase 
armature currents acting upon the successive projections or 
teeth of the armature, 1, 2, 3, etc., reaches a maximum in 
them successively. That is, the armature is the seat of a 
M.M.F. rotating synchronously in the direction of the arrow 
A, The magnetism induced in the face of the field pole 
opposite to the armature projections lags behind the inducing 
M.M.F. due to hysteresis and induced currents, and thus is 
still remanent, while the M.M.F. of the projection 1 decreases, 
and is attracted by the rising M.M.F. of projection 2, etc., 
or, in other words, while the maximum M.M.F. in the arma- 
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ture has a position a, the maximum induced magnetism in 
the field pole face still has the position ^, and is thus attracted 
towards a^ causing the field to revolve in the direction cf 
the arrow A (or with a stationary field, the armature tj 
revolve in the opposite direction B). 

Lamination of the field poles reduces the starting torque 
caused by induced currents in the field poles, but increases 
that caused by remanent magnetism or hysteresis, due to 
the higher permeability of the field f)oles. Thus the torque 
per volt ampere input is approximately the same in either 
case, but with laminated poles the impressed voltage required 
in starting is higher and the current lower than with solid 
field poles. In either case at full impressed E.M.F., the start- 
ing current of a synchronous motor is large, since in the 
absence of a counter E.M.F. the total impressed E.M.F. has 
to be consumed by the impedance of the armature circuit. 
Since the starting torque of the synchronous motor is due 
to the magnetic flux induced by the alternating armature 
currents or the armature reaction, s}Tichronous motors of 
high armature reaction are superior in starting torque. 

XIII. Parallel Operation. 

Any alternator can be oix?rated in parallel, or synchronized 
with any other alternator. A single-phaser can be synchro- 
nized with one phase of a jxilyphaser, or a quarter-phase 
machine operated in parallel with a three-phase machine by 
synchronizing one phase of the former with one phase of the 
latter. Since alternators in jxirallel must be in step with 
each other and have the same terminal voltage, the condition \ 
of s;itisfactory parallel operation is that the frequency of I 
the machines is identically th esame, and the field excitation 
such as would give the same J^ e rmin al vol tajzc. If this is 
not the case, cross currents will flow between the alternators 
in a local circuit. That is, the alternators are not without 
current at no load, and their currents under load are not of 
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the same phase and proportional to their respective capa- 
cities. The cross currents flowing between alternators 
when operated in parallel can be wattless currents or energy 
airrents. 

If the frequencies of two alternators are identically the 
same, but the field excitation not such as would give equal 
terminal voltage when operated in parallel, a local current 
flows between the two machines which is wattless and lead- 
ing or magnetizing in the machine of lower field excitation, 
lagging or demagnetizing in the machine of higher field 
excitation. At load this wattless cuirent is superimposed 
upon the currents flowing from the machine into the external 
circuit. In consequence thereof the current in the machine 
of higher field excitation is lagging behind the current in the 
external circuit, the current in the machine of lower field 
excitation leads the current in the external circuit. The 
currents in the two machines are thus out of phase with each 
other, and their sum larger than the joint current, or current 
in the external circuit. Since it is the armature reaction of \ 
leading or lagging current which makes up the difference \ 
between the impressed field excitation and the field excita- j 
tion required to give ecjual terminal voltage, it follows that I 
the lower the armature reaction, that is, the closer the regu- / 
lation of the machines, the more sensitive they are for / 
inequalities or variations of field excitation. Thus, too low / 
armature reaction is undesirable for parallel operation. / 

With identical machines the ch::no'cs i.i field excitation 
required for changes of load must be the same. W'itli m?.- 
chines of different C(^mpounding curves the changes of field 
excitation for varying load must be different, and such as 
correspond to their respective compounding ( r.rvcs, if watt- 
less currents shall be avoided. With machines of reason- 
able armature reaction the wattless cross currents are small, 
even with relatively considerable inequality of field excita- 
tion. Machines of high armature reaction have been oj^er- 
ated in parallel under circumstances where one machine 
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was entirely without field excitation, while the other carried 
twice its normal field excitation, with wattless currents, 
however, of the same magnitude as full-load current. 

XIV. Division of Load in Parallel Operation. 

Much more important than equality of terminal voltage 
before synchronizing is equality of frequency. Inequality of 
frequency, or rather a tendency to inequality of frequency 
(since by necessity the machines hold each other in step 
or at equal frequency), causes cross currents to flow which 
transfer energy from the machine whose driving power tends 
to accelerate to the machine whose driving \ ower tends to 
slow down; and thus relieves the latter, by increasing the load 
on the former. Thus these cross currents are energy cur- 
rents, and cause at no load or light load the one machine to 
drive the other as synchronous motor, while under load the 
result is that the machines do not share the load in propor- 
tion to their respective capacities. 

The speed of the prime mover, as steam engine or tur- 
bine, changes with the load. The frequency of alternators 
driven thereby must be the same when in parallel. Thus 
thc!r respective loads are such as to give the same sj ccd of 
the prime mover (or rather a speed corresponding to the 
same frequency). Hence the division of load between alter- 
nators connected to independent prime movers depends \ 
almost exclusively upon the s peed regulation of the prime 1 
movers. To make alternators divide the load in proper- J 
tion to their capacities, the speed regulation o f their p rime 
movers r.ust be the same, that is, the engines or turbines \ 
must drop in speed" from no load to full load by the same j 
percentage and in the same manner. 

If the regulation of the prime movers is not the same, 
the load is not divided proportionally between the alternators, 
but the alternator connected to the prime mover of closer 
speed regulation takes more than its share of the load under 
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heavy loads, or less under light loads. Thus, too close 
speed regulation of prime movers is not desirable in parallel 
operation of alternators. 

XV. Fluctuating Cross Currents in Parallel Operation. 

In alternators operated from independent prime movers, 
it is not sufficient that the average frequency corresponding 
to the average speed of the prime movers is the same, but 
still more important that the frequency is the same at any 
instant, that is, that the frequency (and thus the speed of the 
prime mover) is constant. In rotary prime movers, as tur- 
bines or electric motors, this is usually the case ; but with 
reciprocating machines, as steam engines, the torque and 
thus the speed of rotation rises and falls periodically during 
each revolution, with the frequency of the engine impulses. 
The alternator connected with the engine will thus not have 
uniform frequency, but a frequency which pulsates; that is, 
rises and falls. The amplitude of this pulsation depends 
upon the type of the engine, and the momentum of its fly- 
wheel, and the action of the engine governor. 

If two alternators directly connected to equal steam 
engines are synchronized so that the moments of maximum 
frequency coincide, no energy cross currents flow between 
the machines, but the frequency of the whole system rises 
and falls periodically. In this case the engines are said to 
be synchronized. The parallel operation of the alternators 
is satisfactory in this case provided that the pulsations of 
engine speeds are of the same size and duration ; but appa- 
ratus requiring constant frequency as synchronous motors 
and especially rotary converters, when operated from such a 
system, will give a reduced maximum output due to periodic 
cross currents flowing between the generators of fluctuating 
frequency and the synchronous motors of constant frequency, 
and in an extreme case the voltage of the whole system will 
be caused to fluctuate periodically. Even with small fluctu- 



158 ELECTRICAL ENGINEERLXG, 

ations of engine speed the unsteadiness of current due to 
this source is noticeable in synchronous motors and rotary 
converters. 

If the alternators happen to be synchronized in such a 
position that the moment of maximum speed of the one 
coincides with the moment of minimum speed of the other, 
alternately the one and then the other alternator will run 
ahead, and thus a pulsating energy cross current flow between 
the alternators, transferring power from the leading to the 
lagging machine, that is, alternately from the one to the 
other, and inversely, with the frequency of the engine im- 
pulses. These pulsating cross currents are the most undesir- 
able, since they tend to make the voltage fluctuate and to 
tear the alternators out of synchronism with each other, 
especially when the conditions are favorable to a cumulative 
increase of this effect by what may be called mechanical 
resonance (hunting) of the engine governors, etc. They de- 
pend upon the synchronous impedance of the alternators 
and upon their phase difference, that is, the number of poles 
and the fluctuation of speed, and are specially objectionable 
when operating synchronous apparatus in the system. 

Thus, for instance, if two 80-polar alternators are directly 
connected to single cylinder engines of 1% speed variation 
per revolution, twice during each revolution the speed will 
rise, twice fall ; and consequently the speed of each alter- 
nator will be above average speed during a quarter revolu- 
tion. Since the maximum speed is J% above average, the 
mean speed during the quarter revokition of high speed is 
\ f}f above average speed, and by passing over 20 poles the 
armature of the machine will during this time run ahead of \ V 
its mean position by \% of 20 or 3,1^ pole, that is ^" = 9^. '\\ 
If the armature of the other alternator at this moment is 
behind its average position by 9°, the phase displacement 
between the alternator E.M.F.'s is 18° ; that is, the alter- 
nator E.M.F.'s arc represented bv O/:. and OE^ in Fijr. 64. 
and when running in ixirallol the K.M.F. 0E'= E^E^ is 
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short circuited through the synchronous impedance of the 
two alternators. 

Since Ef^ OE^ 2 E^ sin 9°, the maximum cross cur- 
rent is 

E 
^here /,,= -1^= short circuit current of alternator at full- 

load excitation. Thus if the short circuit current of the 
alternator is only twice full-load current, the cross current 
is 31.2% of full-load cur- 
rent. If the short circuit ^-^^^ 
current is 6 times full-load 
current, the cross current 
is 96.3% of full-load cur- 
rent or practically equal 
to full-load current. Thus 
the smaller the armature 
reaction or the better the 
regulation, the larger are 
the pulsating cross currents flowing between the alternators, 
due to inequality of the rate of rotation of the prime movers. 
Hence for satisfactory parallel operation of alternators con- 
nected to steam engines, a certain amount of armature re- 
action is desirable and very close regulation undesirable. 

By the transfer of energy between the machines the 

« 

pulsations of frequency, and thus the cross currents, are 
reduced somewhat. Very high amature reaction is objec- 
tionable also, since it reduces the synchronizing power, that 
is, the tendency of the machines to hold each other in step, 
by reducing the energy transfer between the machines. 

As seen herefrom, the problem of parallel operation of 
alternators is almost entirely a problem of the regulation of 
their prime movers, especially steam engines, but no electrical 
problem at all. 

From Fig. 64 it is seen that the E.M.F. OE' or EyE^ 
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which causes the cross current between two alternators m 
parallel connection, if their E.M.F.'s OE^ and OE^ are out 
of phase, is approximately in quadrature with the E.M.F/s 
^E^ and OE^ of the machines, if these latter two E.M.F/s 
are equal to each other. The cross current between the 
machines lags behind the E.M.F. producing it, 0E\ by the 

angle w, where tan w = — , and x^ — synchronous reactance, 

r^ = effective resistance of alternator armature. The energy 
component of this cross current, or component in phase with 
0E\ is thus in quadrature with the machine voltages OEy 
and OE^, that is, transfers no power between them but the 
power transfer or equalization of load between the two 
machines takes place by the wattless or reactive component 
of cross current, that is, the cbmponent which is in quadra- 
ture with OEJ , and thus in phase with one, and in opposition 
with the other of the machine E.M.F.'s OE^ and OE^, 

Hence, machines without reactance would have no syn- 
chronizing power, or could not be operated in parallel. The 
theoretical maximum synchronizing power exists if the syn- 
I chronous reactance equals the resistance : x^ = r^ This 
condition, however, cannot be realized, and if realized would 
give a dangerously high synchronizing power and cross cur- 
rent. In practice, x^ is always very much greater than r^S 
and the cross current thus practically in quadrature with 
0E\ that is, in phase (or opposition) with the machine volt- 
ages, and is consequently an energy-transfer current. 

If, however, the machine voltages OE^ and 1)E^ are dif- 
ferent in value but approximately in phase with each other, 
the voltage causing cross currents, E^F^^ is in phase with 
the machine voltages and the cross currents thus in quadra- 
ture with the machine voltages OE^ and OE^ and hence do 
not transfer energy, but are wattless. In one machine the 
cross current is a lagging or demagnetizing, and in the 
other a leading or magnetizing, current. 

Hence two kinds of cross c* ' iralld 
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operation of alternators, — currents transferring power be- 
tween the machines, due to phase displacement between 
their E.M.F.'s, and wattless currents transferring magne- 
tization between the machines, due to a difference of their 
induced E.M.F.'s. 

In compound-wound alternators, that is, alternators in 
which the field excitation is increased with the load by 
means of a series field excited by the rectified alternating 
current, it is almost, but not quite, as necessary as in direct 
current machines, when operating in parallel, to connect all 
the series fields in parallel by equalizers of negligible resist- 
ance, for the same reason, — to ensure proper division of 
current between machines. 
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B. COMMUTATING MACHINES. 

I. General. 

CoMMUTATiNG machines are characterized by the com- 
bination of a continuously eJccited magnet field with a closed 
circuit armature connected to a segmental commutator. 
According to their use, they can be divided into direct 
current generators which transform mechanical power into 
electric power, direct current motors which transform elec- 
tric power into mechanical power, and direct current con- 
verters which transform electric power into a different 
form of electric power. Since the most important class of 
the latter are the synchronous converters, which combine 
features of the synchronous machines with those of the com- 
mutating machines, they shall be treated in a separate chapter. 

Hy the excitation of their magnet fields, commutating 
machines are divided into magneto machines, in which the 

field consists of permanent 

SHUNT MACHINE ^ ^ , . • 

magnets; separately excited 
machines ; shunt machines, 
in which the field is ex- 
cited by an electric circuit 
shunted across the machme 
terminals, and thus receives 
a small branch current at 
full machine voltage, as 
shown diagrammatically in 
Fig. 65 ; series machines, 
in which the electric field 
circuit is connected in series to the armature, and thus re- 
ceives the full machine current at small voltage (Fig. 66); 
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and compound machines excited by a combination of shunt 
and series field (Fig. 67). In compound machines the two 
windings can magnetize either in the same direction (cumu- 
lative compounding), or in opposite directions (differential 



COMPOUND MACHINE 



SEMES MACHINE 




Fig. ee. Fig. 67. 

compounding). Differential compounding has been used fc;r 
constant-speed motors. Magneto machines are used only 
for very small sizes. 

By the number of poles commutating machines are 
divided into bipolar and multipolar machines. Bipolar ma- 
chines are used only in small sizes. By the construction of 
the armature, commutating machines are divided in smooth- 
core machines, and iron-clad or "toothed " armature ma- 
chines. In the smooth-core machine the armature winding 
isarranged on the surface of a laminated iron core. In the 
iron-clad machine the armature winding is sunk into slots. 
The iron-clad type has the advantage of greater mechanical 
strength, but the disadvantage of higher self-induction in 
commutation, and thus requires high resistance, carbon or 
graphite commutator brushes. The iron-clad tyj^e has the 
advantage of lesser magnetic stray field, due to the shorter 
gap between field pole and armature iron, and of lesser mag- 
net distortion under load, and thus can with carbon brushes 
be operated with constant position of brushes at all loads. 
In consequence thereof, for large multipolar machines the 
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iron-clad type of armature is generally used, and the smooth- 
core ring armature type only for large multipolar, low-voltage 
machines, of the face commutator type, to secure high 
economy of space. 

Either of these typjes can be drum wound cr ring wound. 
The drum winding has the advantage of lesser self-induction, 
and lesser distortion of the magnetic field, and is generally 
-less difficult to construct and thus inoslly preferred, e.\cept 
in special cases as to secure high economy in space in low- 
voltage multipolar machines. By the armature winding, the 
commutating machines are divided into multiple wound and 
series wound machines. The difference between multiple 
and series armature winding, and their modifications, can 
best be shown by diagram. 
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II. Armature Winding. 



Fig. 68 shows a six-polar multiple ring winding, and Fig. 
69 a six-polar multiple drum winding. As seen, the armature 
coils are connected progressively all around the armature in 



closed circuit, and the connections between adjacent armature 
coils lead to the commutator. Such an armature winding 
has as many circuits in multiple, and requires as many .sets of 
commutator brushes, as poles. Thirty -six coils are shown in 
Figs. 68 and 63, connected to 36 commutator segments, and 
the two sides of each coil distinguished by drawn and dotted 
lines. In a drum-wound machine, usually the one side of alt 
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coils forms the upper and the other side the lower layer of 
the armature winding. 

Fig. 70 shows a six-polar series drum winding, with 36 
slots and 36 commutator segments. In the series winding 
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the circuit passes from one armature coil, not to the next 
adjacent armature coil as in the multiple winding, but first 
through all the armature coils having the same relative 
position with regard to the magnet poles of the same polarity, 
and then to the armature coil next adjacent to the first coil. 
Th2t is, all armature coils having the same or approximately 
the same relative position to poles of equal polarity, form 
one set of integral coils. Thus the series winding has only 
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two circuits in multiple, and requires two sets of brushes 
only, but can be operated also with as nmny sets of brushes 
as jx>les, or any intermediate number of sets of brushes. In 
Fig. 70, a series winding in which the number of armature 
coils is divisible by the number of poles, the commutator 
segments have to be cross connected. 

This form of series winding is hardly ever used. The 
usual form of series winding is the winding shown by Fig. 71. 



This figure shows a six-polar armature having 35 coils and 

86 commutator segments. In consequence thereof, the 

armature coils under corresponding poles which are con- 

■wjies are slightly displaced from each other, so 
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that after passing around all corresponding poles, the wind- 
ing leads symmetrically into the coil adjacent to the first 
armature coil. Hereby the necessity of commutator cross 
connections is avoided, and the winding is perfectly sym- 
metrical. With this form of series winding, which is mosily 
used, the niunber of armature coils must be chosen to follow 




certain rules. Generally the number of coils is one less or 
(Hie more than a multiple of the number of poles. 

All these windings are closed circuit windings ; that is, 
starting at any point, and following the armature conductor, 
the circuit returns into itself after passing all E.M.F.'s twice 
in opposite direction (thereby avoiding short circuit). An 
instance of an open-coil winding is shown in Fig. 72, a series 
comiected threeiihase Y winding similar to that used in the 
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Thomson-Houston arc machine. Such open-coil windings, 
however, cannot be used in commutating machines. They 
are generally preferred in synchronous and in induction 
machines. 

By leaving space between adjacent coils of these wind- 
ings, a second winding can be laid in between. The second 
winding can either be entirely independent from the first 




winding ; that is, each of the two windings closed uf»on 
itself, or after passing through the first winding the circuit 
enters the second winding, and after passing through the 
second winding it reenters the first winding. In the first 
case, the winding is called a double spiral winding for mul- 
tiple spiral winding if more than two windings are used), in 
the latter case a double re-entrant winding (or multiple re- 
entrant winding). In the double spiral winding, the number 
of coils must be even ; in the double re-entrant winding, odd. 
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Multiple spiral and multiple reentrant windings can be 
either multiple or series wound ; that is, each spiral can con- 
sist either of a multiple or of a series winding. Fig. I'A 
shows a double spiral multiple ring winding, Fig. 74 a double 
spiral multiple drum winding. Fig. 75 a double reentrant 



multiple drum winding. As seen in the double spiral or 
double reentrant multiple winding twice as many circuits as 
pol«s are in multiple. Thus such windings are mostly used 
for large low-voltage machines. 

A distinction is frequently made between lap winding 
and wave winding. These are, howe\'er, not different types ; 
but the wave winding is merely a constructive modification 
of the series drum winding with single-tum coil, as seen by 
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comparing Figs. 76 and 77. Fig. 76 shows a part of a 
series drum winding developed. Coil C^ and C^ having cor- 
responding positions under poles of equal polarity, are joined 
in series. Thus the end connection ab of coil C._ connects 
by cross connection be and dc to the end connection dc of 
coil C^ If the armature coils consist of a single turn only, 




rig. re. 
as in Fig. 76, and thus are open at d and e, the end con- 
nection and the cross connection can be combined by passing 
from a in coil C, directly to c and from c directly to r in 
coil C,. That is, the circuit abcde is replaced by ace. This 
has the effect that the coils are apparently open at one side. 
Such a winding has been called a wave winding. Only 
•eries windings with a single turn per coil can be arranged 
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as wave windings, while windings with several turns per coil 
must necessarily be 1^ or coil windings. In Fig. 78 is 
shown a series drum winding with 35 coils and commutator 
segments, and a single turn per coil arranged as wave 



eenicB lap winoiho 




winding. This winding may be 
series drum winding, in Fig. 71. 

Drum winding can be divided into 
tional pitch windings. In the f' 
of the coil covers the pit ' 
covers i of the amH 



>mpared with the 86<dl 
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chine, etc. In a fractional pitch w-ndtng it covers less or 
more. 

Series drum windings without cross connected commu- 
tator in which thus the number of coils is not divisible by 
the number of poles, are necessarily always slightly fractional 



pitch; but generally the expression "fractional pitch winding" 
is used only for windings in which the coil covers one or 
•everal teeth less than correspond to the pole pitch. Thus 
the multiple drum winding in Fig. 69 would be a fractional 
jpitch wioding if the coils spread over only four or five 
B|Hih.lDite8d of over six. As % fractional pitch winding it 
L Fig. 79. 

I pitch windings have the advantage of shorter 
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end connections and less self-induction in commutation, 
since commutation of corresponding coils under different 
poles does not take place in the same, but in different, slots, 
and the fiux of self-induction in commutation is thus more 
subdivided. Fig. 79 shows the multiple drum winding of 




Fig. 6ft as fractional pilch winding with five teeth spread, or 
i pitch. During commutation, the coils abcdef comtnutate 
simultaneously. In Fig. 69 these coils lie by two in the 
same slots, in Fig. 79 they lie in separate slots. Thus, in 
the former case the flux of self-induction interlinked with the 
commutated coil is due to two coils ; that is, twice that in 
the latter case. Fractional pitch windings, however, have 
the disadvantage of rtAot^- - '»»- «Hth of the neutral zcme, 
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or zone without induced E.M.F. between the poles, in which 
commutation takes place, since the one side of the coil 
enters or leaves the field before the other. Therefore, in 
commutating machines it is seldom that a pitch is used that 
falls short of full pitch by more than one or two teeth, 
while in induction machines, occasionally as low a pitch as 
50 % is used, and % pitch is frequently employed. 

Series windings find their foremost application in ma- 
chines with small currents, or small machines in which it is 
desirable to have as few circuits as possible in multiple, and 
in machines in which it is desirable to use only two sets of 
brushes, as in railway motors. In multipolar machines with 
many sets of brushes, series winding is liable to give selective 
commutation ; that is, the current docs not divide evenly 
between the sets of brushes of equal polarity. 

Multiple windings are used for machines of large cur- 
rents, thus generally for large machines, and in large low- 
voltage machines the still greater subdivision of circuits 
afforded by the multiple spiral and the multiple reentrant 
winding is resorted to. 

To resume, then, armature windings can be subdivided 
into: 

fl). Ring and drum windings. 

b\ Closed circuit and open circuit windings. Only the 

former can be used for commutating machines. 
c). Multiple and series windings. 
d). Single spiral, multiple spiral, and multiple reentrant 

windings. Either of these can be multiple or series 

windings. 
i). Full pitch and fractional pitch windings. 

III. Induced E.M.F.'S. 

The formula of induction of a direct current machine, 
as discussed in the preceding, is : 
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Where 

e = induced E.M.F. 
IV = frequency = number of pairs of poles X revolutions 

per second, in hundreds. 
n = number of turns in series between brushes. 
^ = magnetic flux passing through the armature per pole, 
in megalines. 

In ring-wound machines, * is one-half the flux per field 
pole, since the flux divides in the armature into two circuits, 
and each armature turn incloses only half the flux per field 
pole. In ring-wound armatures, however, each armature turn 
has only one conductor lying on the armature surface, or face 
conductor, while in a drum-wound machine each turn has 
two face conductors. Thus, with the same number of face 
conductors — that is, the same armature surface — the same 
frequency, and the same flux per field pole, the same E.M.F. 
is induced in the ring-wound as in the dnmi-wound armature. 

The number of turns in series between brushes, n, is one- 
half the total number of armature turns in a series wound 

armature, -' the total number of armature turns in a single 

spiral multiple wound armature with p poles. It is one-half 
as many in a double spiral or double reentrant, one-third as 
many in a triple spiral winding, etc. 

By this formula, from frequency, series turns and mag- 
netic flux the E.M.F. is found, or inversely from induced 
E.M.F., frequency, and series turns, the magnetic flux per 
field pole is calculated. 

From magnetic flux, and section and lengths of the dif- 
ferent jxirts of the magnetic circuit, the densities and the 
ampere turns required to prcxluce these densities are derived, 
and as the sum of the ampere turns required by the dif- 
ferent parts of the magnetic circuit, the total ampere turns 
excitation per field pole is found, which is required for 
inducing the desired E.M.F. 
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Since the formula of direct current induction is indepen- 
dent of the distribution of the magnetic flux, or its wave 
shape, the total magnetic flux and thus the ampere turns re- 
quired therefor, are independent also of the distribution of 
magnetic flux at the armature surface. The latter is of 
importance, however, regarding armature reaction and 
commutation. 

IV. Distribution of Magnetic Flux. 

The distribution of magnetic flux in the air gap or at the 
armature surface can be calculated approximately by assum- 
ing the density at any point of the armature surface as pro- 
portional to the M.M.F. acting thereon, and inversely 
proportional to the nearest distance from a field pole. Thus, 
if SF^ = ampere turns acting upon air gap between armature 
and field pole, a = length of air gap, from iron to iron, 
the density under magnet pole, that is, in the range BC of 
Fig. 80, is 



(Bb = 



47r$Fo 

10a 



\ 



C 



F\q. 80. 

At a point having the distance x from the end of the 
field pole on the armature surface, the distance from the next 
field pole is rf = V?Hh^, and the density thus, 

10 yja^ -h ^ 

Herefrom the distribution of magnetic flux is calculated 
and plotted in Fig. 80, for a single pole BC along the 
armature surface A, for the len2:th of air gap <? = 1 , and such 



178 



ELECTRICAL ENGINEERING, 



a M.M.F. as to give (B^ = 8000 under the field pole, that i% 
for $F, = 6400 or OC, = 8000. 

Around tlie surface of the direct current machine arma- 
ture, alternate poles follow each other. Thus the M.M.F. 
is constant only under each field pole, but decreases in the 
space between the field poles, from C to -f in Fig. 81, 



v/ajc 





Fig, 81. 

from full value at C to full value in opposite direction at E, 
The point D midway between Cand E, at which the M.M.F. 
of the field equals zero, is called the "neutral/* The dis- 
tribution of M.M.F. of field excitation is thus given by the 
line iF in Fig. 81. The distribution of magnetic flux as 
shown in Fig. 81 by (B, is derived by the formula, 

47riF 



(B = 



10/ 



Where 

This distribution of magnetic flux applies only to the no- 
load condition. Under load, that is, if the armature carries 
current, the distribution of flux is changed by the M.M.F. of 
the armature current, or armature reaction. 

Assuming the brushes set at the middle points between 
adjacent poles, D and C, Fig. 82, the M.M.F. of the arma- 
ture is maximum at the point connected with the commutator 
brushes, thus in this case at the points D and (7, and 
gradually decreases from full value at D to equal but op- 
posite value at G, as shown by the line /in Fig. 82, while 
the line (Fq gives the field M.M.F. or impressed M.M.F. 
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If // = number of turns in series between brushes per 
pole, / = current per turn, the armature reaction is/=/// 
ampere turns. Adding/and ^^ gives the resultant M.M.F. 
IF, and therefrom the magnetic distribution. 

47riF 



(B = 



10// 



The latter is shown as line (Bi in Fig. 82. 

With the brushes set midway between adjacent field 
poles, the armature M.M.F. is additive on one side, and sub- 
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tractive on the other side of the center of the field pole. 
Thus the magnetic intensity is increased on one side, and 
decreased on the other. The total M.M.F., however, and 
thus neglecting saturation, the total flux entering the arma- 
ture, are not changed. Thus, armature reaction, with the 
brushes midway between adjacent field poles, acts distorting 
upon the field, but neither magnetizes nor demagnetizes, if 
the field is below saturation. 

The distortion of the magnetic field takes place by the 
armature ampere turns beneath the pole, or from B to C. 
Thus, if V = pole arc, that is, the angle covered by pole face 
(two poles or one complete period being denoted by 360*^), 

the distorting ampere turns armature reaction are——' 
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As seen, in the assumed instance, Fig. 82, where/ = 



3iF. 



the M.M.F. at the two opposite pole comers, and thus the 
magnetic densities, stand in the proportion 1 to 3. As seen, 
the induced li.M.F. is not changes by the armature leaction, 
with the brushes set midway between the field poles, except 
by the small amount corresponding to the flux entering be- 
yond D and (7, that is, shifted beyond the position of 
brushes. At Dy however, the flux still enters the armature, 
depending in intensity upon the armature reaction ; and thus 
with considerable armature reaction, the brushes when set 
at this point are liable to spark by short circuiting an active 
E.M.r\ Thus, under load, the brushes are shifted towards 
the following pole ; that is, towards the direction in which 
the zero point of magnetic induction has been shifted by the 
armature reaction. 

In the following Fig. 83, the brushes are assumed as 
shifted to the corner of the next pole E^ respectively B, 




Fig. 83, 



In consequence thereof, the subtractive range of the arma- 
ture M.M.F. is larger than the additive, and the resultant 
M.M.F. $F = JFj, +/ is decreased. That is, with shifted 
brushes the armature reaction demagnetizes the field. The 
demagnetizing armature ampere turns are PM ; that is. 
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GB 
= TTTT /. That is, if // = angle of shift of brushes or angle 

of l-ud (= GB in Fig. 83), assuming the pitch of two poles 

= 360^, the demagnetizing component of armature reaction 

2///- vf 

is TyfjT, the distorting component is ^ ;-t where v = pole arc. 

Thus, with shifted brushes the field excitation has to be 
increas-'d under load to maintain the same total resultant 
M.M.F. ; that is, the same total flux and induced E.M.F. 

Hence, in Fig. 88 the field excitation ;T,, has been assumed 

Uf f 
by zTK^ = ^ larger than in the previous figures, and the 

magnetic distribution (Bj plotted for these values. 



V. Effect of Saturation on Magnetic Distribution. 

The preceding discussion of Figs. 80 to 88 omits the 
effect of saturation. That is, the assumption is made that 
the magnetic material near the air gap, as pole face and 
armature teeth, are so far below saturation that at the de- 
magnetized pole comer the magnetic density decreases, at 
the strengthened pole corner increases, proportionally to the 
M.M.F. 

The distribution of M.M.F. obviously is not affected by 
saturation, but the distribution of magnetic flux is greatly 
changed thereby. To investigate the effect of saturation, 
in Figs. 84 to 87 the assumption has ]:ccn made that the air 
gap is reduced to one-half its previous value, a = .5, thus 
consuming only one-half as many ampere turns, and the 
other half of the ampere turns are consumed by saturation 
of the armature teeth. The length of armature teeth is 
assumed as 3.2, and the space filled by the teeth is assumed 
as consisting of one-third of iron and two-thirds of non- 
magnetic material (armature slots, ventilating ducts, insula- 
tion between laminations, etc.). 

In Figs. 84, 85, 86, 87. curves are plotted corresponding 
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<B„ 



Fig. 84. 



J 




Fig. 86, 





Fig. 86. 




Fig. 87, 
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to those in Figs. 80, 81, 82, and 83. As seen, the spread 
of magnetic induction at the pole corners is greatly increased, 
but farther away from the field poles the magnetic distri- 
bution is not changed. 

The magnetizing, or rather demagnetizing, effect of the 
load with shifted brushes is not changed. The distorting 
effect of the load is, however, very greatly decreased, to a 
small percentage of its previous value, and the magnetic 
field under the field pole is very nearly uniform under load. 

The reason is : Even a very large increase of M.M.F. 
does not much increase the density, the ampere turns being 
consumed by saturation of the iron, and even with a large 
decrease of T.I.M.F., the density is not decreased much, since 
with a small decrease of density the ampere turns consumed 
by the saturation of the iron become available for the gap. 

Thus, while in Fig. 83 the densities at the center and 
the two pole corners of the field pole are 8000, 12000, and 
4000, with the saturated structure in Fig. 87, they are 
8000, 9040, and 6550. 

At or near the theoretical neutral, however, the satura- 
tion has no effect. 

That is, saturation of the armature teeth affords a means 
of reducing the distortion of the magnetic field, or the 
shifting of flux at the pole comers, and is thus advantageous 
for machines which shall operate over a wide range of load 
with fixed position of brushes if the brushes are shifted to 
near the next following pole corner. 

It offers no direct advantage, however, for machines 
commutating with the brushes, midway between the field 
poles, as converters. 

A similar effect to saturation in the armature teeth, is 
produced by saturation of the field pole face, or more par- 
ticularly, saturation of the pole corners of the field. 
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VI. Effect of Slots on Magnetic Flux. 

With slotted armatures the pole face density opposite 
the armature slots is less than that opposite the armature 
teeth, due to the greater distance of the air path in the 
former case. Thus, with the passage of the armature slots . 
across the field pole a local pulsation of the magnetic flux 
in the pole face is produced, which, while harmless with 
laminated field pole faces, induces eddy currents in solid pole 
pieces. The frequency of this pulsation is extremely high, 
and thus the energy loss due to eddy currents in the pole 
faces may be considerable, even with pulsations of small 
amplitude. If j = peripheral speed of the armature in 
centimeters per second, / = pitch of armature slot (that is, 
width of one slot and one tooth at armature surface), the 
frequency is .A^ = s /p. Or, if N = frequency of machine, 
q = number of armature slots per pair of poles, A\ = gN. 

^ For instance, N = 33.3, 
(B' q = 51, thus iVi= 1700. 

Under the assumption, 
width of slots equals width 
of teeth = 2 X width of air 
gap, the distribution of 
magnetic flux at the pole 
face is plotted in Fig. 88. 

The drop of density 
opposite each slot consists 
of two curved branches 
equal to those in Fig. 80, 
that is, calculated by 

fig. 88. ® = — / , - — • 

The average flux is 7525. That is, by cutting half the 
armature surface away by slots of a width equal to twice the 
length of air gap, the total flux under the field pole is re- 
duced only in the proportion 8000 to 7525, or about 6%. 
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The flux, (B pulsating between 8000 and 5700, is equiva- 
lent to a uniform flux(Bj=7525 superposed with an alter- 
nating flux (By, shown in Fig. 89, with a maxiroum of 475 
and a minimum of 1825. This alternating flux (B^ can, as 

(B, 




Fig. 89. 

regards induction of eddy currents, be replaced by the equiva- 
lent sine wave (Bjjq, that is, a sine wave having the same 
effective value (or square root of mean square). The effec- 
tive value is 718. 

The pulsation of magnetic flux farther in the interior 
of the field-pole face can be approximated by drawing curves 
equi-distant from (B^. Thus the curves (B^, (B^, (Bj^^, (Bo, (B^^^, 
and (Bj, are drawn equidistaht from (B^, in the relative dis- 
tances .5, 1, 1.5, 2, 2.5, and 3 (where a = 1 is the length of 
air gap). They give the effective values : 

(Bo (B5 (Bi (B1.6 (B2 (B2.5 (B, 

718 373 184 119 91 69 57 

That is, the pulsation of magnetic flux rapidly disappears 
towards the interior of the magnet pole, and still more 
rapidly the energy loss by eddy currents, which is propor- 
tional to the square of the magnetic density. 

In calculating the effect of eddy currents, the magne- 
tizing effect of eddy currents may be neglected (which tends 
to reduce the pulsation of magnetism) ; this gives the upj^er 
limit of loss. 

Let (B = effective density of the alternating magnetic flux, 
s = peripheral speed of armature in centimeters per 

second, and 
/ = length of pole face along armature. 



186 



ELECTRICAL ENGINEERING. 



The E.M.F. induced in the pole face is then, 

^ = jAB X io-», 

and the current flowing in a strip of thickness 8 and one 
centimeter width, 



where. 



_ ^8 _ j/( B810-» _ j(R8 10-' 
pi pi p 



p = resistivity of the material. 
Thus the effect of eddy currents in this strip is, 



A/ = <?A/ = 



or per cm'. 



/ = 



j*(Bno-" 



That is, proportional to the square of the effective value 
of magnetic pulsation, the square of peripheral speed, and 
inversely proportional to the resistivity. 

Thus, assuming for instance, 

s = 2,000, 

p = 20 X lO"', for cast steel, 



= 100 X lO-', for cast iron. 



we 



have in the above given instance. 



At Distanck 
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VII. Armature Reaction. 

At no load, that is, with no current flowing through the 
armature or induced circuit, the magnetic field of the com- 
rautating machine is symmetrical with regard to the field 
poles. 

Thus the density at the armature surface is zero at the 
point or in the range midway between adjacent field poles. 
This point, or range, is called the "neutral" point or 
" neutral " range of the commutating machine. 

Under load the armature current represents a M.M.F. 
acting in the direction from commutator brush to commu- 
tator brush of opposite polarity, that is, in quadrature with 
the field M.M.F. if the brushes stand midway between the 
field poles ; or shifted against the quadrature position by the 
same angle by which the commutator brushes are shifted, 
which angle is called the angle of lead. 

If « = turns in series between brushes per pole, and i = 
current per turn, the M.M.F. of the armature is /= ni per 
pole. Or, \i m — total number of turns on the armature, 
6 = number of turns or circuits in multiple, 2/ = numbers 
of poles, and i^^ total armature current, the M.M.F. of the 

armature per pole is/=^^— ^. This M.M.F. is called the 

armature reaction of the continuous current machine. 

Since the armature turns are distributed over the total 
pitch of pole, that is, a space of the armature surface repre- 
senting 180°, the resultant armature reaction is found by 

(4-90 2 
multiplying / with the average cos ] qa ~ " ' ^"^ ^^ ^^^^' 

2/_2;y/ 

•^°" IT ""T' 

When comparing the armature reaction of commutating 

machines with other types of machines, as synchronous 

2/" 
machines, etc., the resultant armature reaction /o=— has 
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to be used In discussing commutating machines proper, 
however, the value /= ni is usually considered as the arma- 
ture reaction. 

The armature reaction of the commutating machine has 
a distorting and a magnetizing or demagnetizing action upon 
the magnetic field. The armature ampere turns beneath the 
field poles have a distorting action as discussed under 
** Magnetic Distribution " in the preceding paragraph. The 
armature ampere turns between the field poles have no effect 
upon the resultant field if the brushes stand at the neutral ; 
but if the brushes are shifted, the armature ampere turns 
inclosed by twice the angle of lead of the brushes, have a 
demagnetizing action. 

Thus, if V = pole arc as fraction of pole pitch, and // = 
shift of brushes as fraction of pole pitch, /the M.M.F. of 
armature reaction, and (F^ the M.M.F. of field excitation per 
pole, the demagnetizing component of armature reaction is 
2///*, the distorting component of armature reaction is vfy and 

the magnetic density at the strengthened pole corner thus 

vf 
corresponds to the M.M.F. ^0+ "o"' ^^ ^^ weakened field 

vf 
comer to the M.M.F. Fq — o-- 



VIII. Saturation Curves. 

As saturation curve or tnagfutic characteristic of the 
commutating machine is understood the curve giving the 
induced voltage, or terminal voltage at open circuit, and 
normalspeed, as function of the ampere turns per pole field 
excitation. 

Such curves are of the shape shown in Fig. 90 as A. 
Owing to the remanent magnetism or hysteresis of the iron 
p.irt of the magnetic circuit/the saturation curve taken with 
decreasing field excitation usually does not coincide with 
that taken with increasing field excitation, but is higher, and 
by graduallv first increasing the field excitation from zero 
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to maximum and then decreasing again, the looped curve in 
Fig, 91 is derived, giving as average saturation curve the 
curve shown in Fig, 90 as A, and as central curve in 
Fig. 91. 
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Direct current generators are usually operated at a point 
of the saturation curve above the bend, that is, at a point 
where the terminal voltage increases considerably less than 
proportionally to the field excitation. This is necessary in 
self-exciting direct current generators to secure stability. 

The ratio, 
increase of field excitation corresponding increase of voltage. 

total field excitation total voltage 

that is, li^., ^ 



is called saturation coefficient s, and is plotted in Fig. 90 
with the voltage as ordinates, and the saturation coefficient 
s as abscissae. 

Of considerable importance also are curves giving 
the terminal voltage as function of the field excitation at 
load. Such curves are called load saturation curves, and can 
be constant current load saturation curve, that is, terminal 
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voltage as function of field ampere turns at constant full-load 
current flowing through the armature, and constant resist- 
atue load salitration ciin-e, that is, terminal voltage as 
function of field ampere turns if the machine circuit is closed 
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through a constant resistance giving full-load current at 
full-load terminal voltage. 

A constant current load saturation curve is shown as B, 
and a constant resistance load saturation curve as C in 
Fig. 90. 

IX. Compounding. 

In the direct current generator the field excitation re- 
quired to maintain constant terminal voltage has to be 
increased with the load. A cun,-e, giving the field excitation 



COMMUTATJAG MACHINES. 191 

in ampere turns per pole, as function of the load in amperes, 
at constant terminal voltage, is called the compounding aitve 
of the machine. 

The increase of field excitation required with load is 
due to : 

1. The internal resistance of the machine, which con- 
sumes E.M.F. proportional to the current, so that the m- 
duced E.M.F., and thus the field M.M.F. corresponding 
thereto, has to be greater under load. If / = resistance 

• 

drop in the machine as fraction of terminal voltage, or = — ' 

the induced E.M.F. at load has to be ^ (1 -f- /), and if ^o = 
no-load field excitation, and s = saturation coefficient, the 
field excitation required to produce the E.M.F. c (L -\- 1) is 
fFo(l + St), thus an additional excitation of sffSi^ is required 
at load, due to the armature resistance. 

2. The demagnetizing effect of the ampere turns arma- 
ture reaction of the angle of shift of brushes requires an in- 
crease of field excitation by 2hf. (Section VII.) 

3. The distorting effect of armature reaction does not 
change the total M.M.F. producing the magnetic flux. If, 
however, magnetic saturation is reached or approached in a 
part of the magnetic circuit adjoining the air gap, the in- 
crease of magnetic density at the strengthened pole corner 
is less than the decrease at the weakened pole corner, and 
thus the total magnetic flux with the same total M.M.F. 
reduced, and to produce the same total magnetic flux an in- 
creased total M.M.F., that is, increase of field excitation, is 
required. This increase depends upon the saturation of the 
magnetic circuit adjacent to the armature conductors. 

4. The magnetic stray field of the machine, that is, that 
part of the magnetic flux which passes from field pole to 
field pole without entering the armature, usually increases 
with the load. This stray field is proportional to the dif- 
ference of magnetic potential between field poles. That is, 
at no-load it is proportional to the ampere turns M.M.F. 
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consumed in air gap, armature teeth, and armature core. 
Under load, with the same induced E.M.F"., that is, the same 
magnetic flux passing through the armature core, the dif- 
ference of magnetic potential between adjacent field poles is 
increased by the counter M.M.F. of the armature and the 
saturation. Since this magnetic stray flux passes through 
field poles and yoke, the magnetic density therein is in- 
creased and the field excitation correspondingly, especially 
if the magnetic density in field poles and yoke is near 
saturation. This increase of field strength required by the 
increase of density in the external magnetic circuit, due to 
the increase of magnetic stray field, depends upon the shape 
of the magnetic circuit, the armature reaction, and the 
saturation of the external magnetic circuit. 

Curves giving, with the amperes output as abscissae, the 
ampere turns per pole field excitation required to increase 
the voltage proportionally to the current, are called over- 
compounding curves. In the increase of field excitation 
required for over-compounding, the effects of magnetic 
saturation are still more marked. 

X. Characteristic Curves. 

The field characteristic or regulation cufve^ that is, 
curve giving the terminal voltage as function of the current 
output at constant field excitation, is of less importance in 
commutating machines than in synchronous machines, since 
commutating machines are usually not operated with sepa- 
rate and constant excitation, and the use of the series field 
affords a convenient means of changing the field excitation 
proportionally to the load. The curve giving the terminal 
voltage as function of current output, in a compound-wound 
machine, at constant resistance in the shunt field, and con- 
stant adjustment of the series field, is, however, of impor- 
tance as regulation curve of the direct current generator. 
This curve would be a straight line except for the effect of 
aaturation, etc., as discussed above. 
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XI. Efficiency and Losses. 

The losses in a commutating machine which have to be 
considered when deriving the efficiency by adding the indi- 
vidual losses are : 

1. Loss in the resistance of the armature, the commu- 
tator leads, brush contacts and brushes, in the shunt field 
and the series field with their rheostats. 

2. Hysteresis and eddy currents in the iron at a voltage 
equal to the terminal voltage, plus resistance drop in a gene- 
rator, or minus resistance drop in a motor. 

3. Eddy currents in the armature conductors when large 
and not protected. 

4. Friction of bearings, of brushes on the commutator, 
and windage. 

5. Load losses, due to the increase of hysteresis and of 
eddy currents under load, caused by the change of the 
magnetic distribution, as local increase of magnetic density 
and of stray field. 

The friction of the brushes and the loss in the contact 
resistance of the brushes, are frequently quite considerable, 
especially with low-voltage machines. 

Constant or approximately constant losses are: Friction 
of bearings and of commutator brushes and windage, hyste- 
resis and eddy current losses, shunt field excitation. Losses 
increasing with the load, and proportional or approximately 
proportional to the square of the current : those due to 
armature resistance, resistance of series field, resistance of 
brush contact, and the so-called " load-losses," which, how- 
ever, are usually small in commutating machines. 

XII. Commutation. 

The most important problem connected with commu- 
tating machines is that of commutation. 

Fig. 92 represents diagram mat ically a commutating 
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machine. The E.M.F. induced in an annature coil A is 
zero with this coil at or near the position of the commutator 
brush B^. It rises and reaches a maximum about midway 
between two adjacent sets of brushes, B^, and B.^ at C, and 
then decreases again, reaching zero at or about B^ and then 
repeats the same change in opposite direction. The current 
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in armature coil A, however, is constant during the motion 
of the coil from B^ to B,. While the coil A passes the 
brush R^ however, the current in the coil A reverses, and 
then remains constant again in opposite direction during the 
motion from B, to B^ Thus, while the armature coils of a 
commutating machine are the seat of a system of polyphase 
E.M.F.'s having as many phases as coils, the current flow- 
ing in these coils is constant, reversing successively. 

The reversal of current in coil A takes place while the 
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gap G between the two adjacent commutator segments 

between which the coil A is connected, passes the brush B^ 

Thus, if IV — width of brushes, s = peripheral speed of 

commutator per second in the same measure in which zu is 

given, as in inches per second if w is given in inches, /^ = w/s 

is the time during which the current in A reverses. Thus, 

considering the reversal as a single alternation, /o is a half 

1 s 

l>eriod, and thus iVo =-——=-— is the frequency of cominn- 

tation ; hence, if Z, = inductance or co-efficient of self-induc- 
tion of the armature coil A^ the E.M.F. induced in the 
armature coil during commutation is ^o= ^irNoLio, where 
/o= current reversed, and the energy which has to be dissi- 
pated during commutation is i^^L. 

The frequency of commutation is very much higher than 
the frequency of synchronous machines, and a\ eragcs from 
300 to 1000 cycles per second, or more. 

In reality, however, the changes of current during com- 
mutation are not sinusoidal, but a complex exponential 
function, and the resistance of the commutated circuit enters 
the problem as an imjjortant factor. In the moment when 
the gap G of the armature coil A reaches the brush F.,, the 
coil A is short circuited by the brush, and the current i^ in 
the coil begins to die out, or rather to change at a rate de- 
pending upon the internal resistance and the inductance of 
the coil Ay and the E.M.F. induced in the coil by the field 
magnetic flux. The higher the internal resistance, the faster 
is the change of current, and the higher the inductance, the 
slower the current changes. Thus two cases have to be 
distinguished. 

1. No magnetic flux enters the armature at the position 
of the brushes, that is, no E.M.F. is induced in the armature 
coil under commutation, except that of its own self-induction. 
In this case the commutation is entirely determined by the 
inductance and resistance of the armature coil A, and is 
called ** Resistance Commutation,'* 
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2. The brushes are shifted so that commutation takes 
place in an active magnetic field. That is, in the armature 
coil during commutation, an E.M.F. is induced by its rota- 
tion through the magnetic field of the machine. In this case 
the commutation depends upon the inductance and the re- 
sistance of the armature coil, and the E.M.F. induced therein 
by the main magnetic field, and is called ** Voltage Com- 
mutation'' 

In either case, the resistance of the brushes and their 
contact may either be negligible, as usually the case with 
copper brushes, or it may be of the same or a higher magni- 
tude than the internal resistance of the armature coil A. 
The latter is usually the case with carbon or graphite 
brushes. 

In the former case, the resistance of the short circuit of 
armature coil A under commutation is approximately con- 
stant ; in the latter case it varies from infinity in the moment 
of beginning commutation down to minimum, and then up 
again to infinity at the end of commutation. 

a!) Negligible resistance of brush and brush contact. 

This is more or less approximately the case with copper 
brushes 

Let i^ = current, 

L = inductance, 

r = resistance of armature coil, 

w 
/„ = — = time of commutation. 

° s 

and — r = E.M.F. induced in the armature coil by its rota- 
tion through the magnetic field, or commutating E.M.F. 

Denoting the current in the coil A at time / after begin- 
ning of commutation, by i, the E.M.F. of self-induction is, 

Thus the total E.M.F. acting in coil A, 

^ lit 
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and the current, 

— ^ -f- ^i e L di 






r r r dt 

Transposed, this expression becomes, 

rdt di 

r 

the integral of which is, 

-2^ = log,r -f-n-log,^, 

where log, c = integration constant. 
Since at 

we have, 



therefore, 



hence : 



log.r= logT-f-iJ; 



and, at the end of commutation, or, t = t^ 



'"(:?+<)'----?• 



for perfect commutation, it must be, 

'i = - ^0? 

that is, the current at the end of commutation must have 
reversed and reached its full value in opposite direction. 

Substituting in this last equation the value of i^ from the 
preceding equation, and transforming, we have. 



c-f'. = c 



--'o 



'?*<' 
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taking the logarithms of both terms, 

or solving the exponential equation for r, we obtain, 



r 



. 1-l-C Z^ 










1-c-Z 







It is evident that the inequation c > i^r must be true, other- 
wise perfect commutation is not possible. 
If 

we have, 



-./o 



That is, the current never reverses, but merely dies out 
more or less, and in the moment where the gap G of the 
armature coil leaves the brush By the current therein has to 
rise suddenly to full intensity in opposite direction. This 
being impossible, due to the inductance of the coil, the cur- 
rent flows as arc from the brush across the commutator 
surface for a length of time depending upon the inductance 
of the armature coil. 

That is, with low resistance brushes, resistance commuta- 
tion is not ix)ssible except with machines of extremely low 
armature inductance, that is, armature inductance so low 

that the magnetic energy ^-^— > which appears as spark in 

this case, is harmless. 

Voltage commutation is feasible with low resistance 
brushes, but requires a commutating E.M.F. e proportional 
to current i^ that is, requires shifting of brushes propor- 
tionally to the load. 

In the preceding, the E.M.F., r, has been assumed con- 
stant during the commutation. In reality it varies some- 
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what, increasing with the approach of the commutatcd coil 
to a denser field. It is not possible to consider this varia- 
tion in general, and e is 
thus to be considered 
the average value dur- 
ing commutation. 

d.) High resistance' 
brush contact. 

Fig. 93 represents 
a brush /> commutating 
armature coil A. 

Let r^= contact re- 
sistance of brush, that 
is, resistance from brush to commutator surface over the 
total bearing surface of the brushes. The resistance of the 
commutated circuit is thus internal resistance of the arma- 
ture coil ;-, plus the resistance from C to />, plus the resist- 
ance from B to D. 

Thus, if /^^= time of commutation, at the time / after 
the beginning of the commutation, the resistance from C to 

B is •*— " and from B to D is — '—- , thus, the total resistance 
of commutated coil is. 

If /^= current in coil A before commutation, the total 
current entering the armature from brush ^ is 2 /^,. Thus, 
if / = current in commutated coil, the current i^ -\- i flows 
from B to Dy the current /„ — / from B to C. 

Hence, the difference of potential from D to C is, 



^/'i + - 'f " ('; - 0. 

The E.M.F. acting in coil A is, 
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m 

and herefrom the difference of potential from D to C, 

hence, 

Or, transposed, 

_+, + ,^+_-__ + ___0. 

The further solution of this general problem becomes 
difficult, but even without integrating this differential equa- 
tion, a number of important conclusions can be derived. 

Obviously the commutation is correct and thus sparkless, 
if the current entering over the brush shifts from segment 
to segment in direct proportion to the motion of the gap 
between adjacent segments across the brush, that is, if the 
current density is uniform all over the contact surface of 
the brush. This means, that the current / in the short- 
circuited coil varies from -f- i^ to -*- i^ as a linear function of 
the time. In this case it can be represented by, 

t^h—l— 

*o 

thus, 

dj,^ _2/o 
dt t^ * 

Substituting this value in the general differential equa- 
tion, gives, after some transformation, 



^/o + r(/i-2/)-2Z = 



or, 

e 



which gives at the beginning of commutation, / = 0, 
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at the end of commutation, / = /q, 

That is: 

Even with high resistance brushes, for perfect commu- 
tation, voltage commutation is necessary, and the E.M.F. 
e impressed upon the commutated coil must increase during 
commutation from e^ to e^ by the above equation. This 
E.M.F. is proportional to the cxurent i^ but is independent 
of the brush resistance, r^ 

Resistance Commutation. 

Herefrom it follows, that resistance commutation cannot 
be perfect, but that at the contact with the segment that 
leaves the brush, the current density must be higher than 
the average. Let a = ratio, of actual current density at the 
moment of leaving the brush, to average current density of 
brush contact, and considering only the end of commutation, 
as the most important moment, we have, 



since for 
this gives 



, (2a-l)/o-2a/ 

I = /q I 

*0 



while uniform current density would require, 

' =— /i-l-2-/;^ 

The general differential equation of resistance commuta- 
tion, r = 0, is. 
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Subslituting in this equation, the value of / from the fore- 
going equation, expanding and cancelling t^ — /, we obtain, 

2ro/o*(a-l)-|-A-//o(2a- 1) - 2ar/«-2aZ/=0. 

hence, 

^ /q (2 rj^ -h rt) 

" 2ir^i^rtt^-rf'- Lt) 

and for / = t^ 



a = 



/o(2r,-h/') 



= 1 + - 



J'^T.h 



2(V,~Z) rJ,-J. 

That is, a is always > 1. 

The smaller A, and the larger r,„ the smaller is a, that is, 
the better is the commutation. 

Sparkless commutation is impossible for very large values 
of a, that is, when L approaches r^^ or when r^ is not much 

larger than y • 

'o 

XIII. Types of Commutating Machines. 

By the excitation, commutating machines are subdivided 
into magneto, separately excited, shunt, series, and compound 
machines. Magneto machinesand separately excited machmes 
are very similar in their characteristics. In either, the field 
excitation is of constant, or approximately constant, im- 
pressed M.M.F. Magneto machines, however, are little used, 
and only f<;r very small sizes. 

By the direction of energy transformation, commutating 
machines are subdivided into generators and motors. 

Of foremost importance in discussing the different types 
of machines, is the saturation curve or magnetic character- 
istic, that is, a cur\'e relating terminal voltage at constant 
speed, to ampere turns per pole field excitation, at open 
circuit. Such a curve is shown as A in Figs. 94 and 95. 
It has the same general shape as the magnetic induction 
curve, except that the knee or bend is less sharp, due to 
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the different parts of the magnetic circuit reaching satu- 
ration successively. 

Thus, to induce voltage ac, the field excitation oc is re- 
quired. Subtracting from ac in a generator. Fig. 94, or 
adding in a motor. Fig, 95, the value ab = ir, the voltage 
consumed by the resistance of armature, commutator, etc., 
gives the terminal voltage be at current *, and adding to oc 
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the value ce = bd — tq = armature reaction, or rather field 
excitation required to overcome the armature reaction, gives 
the field excitation oe required to produce the terminal 
\ oltage dt at current (. The armature reaction, iq, corre- 
f;;)onding to current i, is calculated as discussed before, 
; .'d q may be called the " Coefficient of Armature Re- 
action," 

* Such a curve, ZJ, shown in Fig. 94 for a generator, and 
in Fig. 95 for a motor, and giving the terminal voltage de 
at airrent i, corresponding to the field excitation oe, is called 
a Load Saturation Curve. Its points are respectively dis- 
tant from the corresponding points of the no-load satura- 



204 



ELECTRICAL ENGINEERING. 



tion curve A a constant distance equal to ad, measured 
parallel thereto. 

Curves D are plotted under the assumption that the 
armature reaction is constant. Frequently, however, at 
lower voltage the armature reaction, or rather the increase 
of excitation required to overcome the armature reaction, iq. 
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increases, since with voltage commutation at lower voltage, 
and thus weaker field strength, the brushes have to be 
shifted more to secure sparkless commutation, and thus the 
demagnetizing effect of the angle of lead increases. At 
higher voltage iq usually increases also, due to increa.se 
of magnetic saturation under load, caused by the increased 
stray field. Thus, the load saturation curve of the con- 
tinuous current generator more or less deviates from the 
theoretical shape D towards a shape shown as G, . 
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A. Generators. 

Separaitly excittd and Magneto Generator. 

In a separately excited or magneto machine, that is, a 
machine with constant field excitation, EFg, a demagnetua- 
tion cnn'e can be plotted from the magnetization or satura- 
tion curve A in Fig. 94. At current /', the resultant M.M, F, 
of thu machine is ^^—iq, and the induced voltage corre- 
sponds thereto by the saturation curve A in Fig. 94, Thus, 
in Fig. 96 a demagnetization curve A is plotted with the 
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current (i^ = I as abscissae, and the induced E.M.F. abas 
ordinates, under the assumption of constant coefficient of 
armature reaction q ; that is, corresponding to curve D In 
Fig, 94. This curve becomes zero at the current I'o which 
makes (o^= £F„. Subtractmg from curved in Fig. 32 the 
drop of voltage in the armature and commutator resistance, 
ac=ir, gives the externa! characteristic B of the machine as 
generator, or the curve relating the terminal voltage to the 
current. 
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In Fig. 97 the same curves are shown under the assump- 
tion lliat the armature reaction varies with the voltage in 
the way as represented by curve G in Fig, 94, 

In a separately excited or magneto motor at constant 
speed, the external characteristic would 4S^as much above 
the demagnetization curve A as it "^s below in a generator 
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in Fig. 96, and at constant voltage the speed would vary 
inversely proportional hereto. 



Shunt Generator. 

The external or load characteristic of the shunt genera- 
tor is plotted in Fig, 98 with the current as abscissae and 
the terminal voltage as ordinates, as A for constant co- 
efficient of armature reaction, and as B for a coefficient of 
armature reaction varying with the voltage in the way as 
shown in G, Fig. 94. The construction of these curves is 
as follows : 

In Fig. 94, og is the straight line giving the field excita- 
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tion oh as function of the tenninal voltage kg (the former 
obviously being proportional to the latter in the shunt 
machine). The open circuit or no-load voltage of the 
machine is then kq. 

Drawing gl parallel to da (assuming constant coefficient 
of armature reaction, or parallel to hypothenuse of the tri- 
angle iq, tr at voltage eg, when assuming variable armature 
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reaction), then the current which gives voltage g/t is pro- 
portional to g/, that is, i : full-load current : ~ g/ : da. 

As seen from Fig. 98, a maximum value of current 
exists which Is less if the brushes are shifted than at con- 
stant position of brushes. 

From the load characteristic of the shunt generator, the 
resistance characteristic is plotted in Fig. 9!>; that is, the 
dependence of the terminal voltage upon the external resi.st- 
terminal voltage 



to constant, curve B to varying armature reaction. As seen, 
at a certain definite resistance, the voltage becomes zero. 
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and fur lower resistance the machine cannut generate but 
loses its excitation. 

1 he variation of the terminal voltage of the shunt gen- 
erator with the speed at constant field resistance is shown 
in Fig. 100 at no load as A, and at constant current i, as B. 
These oirves are derived from the preceding ones. They 
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show that below a certain speed, which is much higher at 
load than at no load, the machine cannot generate. The 
lower part of curve B is unstable and cannot be realized. 



Serifs Generator. 

In the series generator the field excitation is proportional 
to the current /, and the saturation curve A in Fig, 101 can 
thus be plotted with the current i as abscissae. Subtracting 
ab = ir, the resistance drop, from the voltafje, and addi;i;T 
M = ic/. the armature reaction, gives a load saturation cur\'u 
or external characteriBtic B of the scrius generator. The 
termbal voltage is zero at no load or open circuit, increases 



COMMUTATING MACHINES. 209 

with the load, reaches a maximum value at a certain current, 
and then decreases again and reaches zero at a certain 
maximum current, the current of short circuit. 
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Curve S is plotted with constant coefficient of armature 
reaction q. Assuming the brushes to be shifted with the 
load and proportionally to the load, gives curves C, D, and E, 
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which are higher at light load, but fall off faster at high load. 
A still further shift of brushes near the maximum current 
value even overturns the curve as shown in F. Curves E 
and F correspond to a very great shift of brushes, and an 
armature demagnetizing effect of the same magnitude as 
the field excitation, as realized in arc-light machines, in 
which the last part of the curve is used to secure inherent 
regulation for constant current. 
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The resistance characteristic, that is, the dependence of 
the current and of the terminal voltage of the series gener- 
ator upon the external resistance, are constructed from Fig. 
102 and platted in Fig. 102. 

5, and B^ in Fig. 102, are terminal volts and amperes 
corresptinding to cur\'e B in Fig. 101, £„ E^ and F^ volts 
and amperes citrresptinding to cur\-es E and F\& Fig. 101. 

Above a certain external resistance the series generator 
loses its excitation, while the shunt generator loses its exci- 
tation below a certain external resistance. 
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Compound Generator. 
The saturation curve or magnetic characteristic A, and 
the load saturation curves D and G of the compound gen- 
erator, are shown in Fig. 103 with the ampere turns of the 
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shunt field as abscissae. A is the same curve as in Fig. 94, 
while D and G in Fig. 103 are the corresponding curves of 
Fig. y4 shifted to the left by the distance iq„ the M.M.F. 
of ampere turns of the series field. 

At constant position of brushes the compound generator, 
when adjusted for the same voltage at no load and at full 
load, under-compounds at higher and over-c()mix>unds at 
lower voltage, and even at open circuit of the shunt field, 
gives still a voltage op as series generator. When shifting 
the brushes under load, at lower voltage a second point g is 
reached where the machine compounds correctly, and below 
this point the machine under-compounds and loses its exci- 
tation when the shunt field decreases below a certain value; 
that is, it does not excite itself as series generator. 

B. Motors. 

Shunt Motor. 

Three speed characteristics of the shunt motor at con- 
stant impressed E.M.F. e are shown in Fig. 104 as A, P, Q, 
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ctvreqxMiding to the pmnts «r,/, ; of the motor load satti- 
ration curve. F* nn is as follows : At 

000 ion is constant 
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= ff|y and at currait i the induced E,M.F. must be <■ — ir. 
The resultant field excitation is iFg — iq, and corresponding 
hereto at constant speed the induced E.M.F. taken from 
saturation curve A in Fig, 95 is <■,, Since it must be «■ — ir, 

the speed is changed in the proportion 

At a certain voltage the speed is very nearly constant, 
the demagnetizing effect of armature reaction counteracting 
the effect of armature resistance. At higher voltage the 
^>eed falls, at lower voltage it rises with increasing current. 
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ni.j06. 
In Fig. 105 is shown thespeed characteristic of the shunt 
motor as function of the impressed voltage at constant out- 
put ; that is, constant product, current times induced E,M,F. 
If i = current and P = constant output, the induced E.M.F. 

p 
must be approximately ^, = — > and thus the terminal voltage 

£ = e^ + ir. Proportional hereto is the field excitation JFo. 
The resultant M.M.F. of the field is thus, ff = iF, - i<f, and 
corresponding thereto from curve A in Fig. 96 the E.M.F, 
A) is derived which would be induced at constant speed by 
M.M.F. ff. 

Since, however, the indued E.M.F. must be *, the speed 
is changed in the proportion — ■ 
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The speed rUcs with increasing, and falls uith decreasing 
impressed E.M.F, With still further decreasing impressed 
E.M.F., the speed reaches a minimum and then increases 
again, but the conditions become unstable 

Scries Motor. 

The speed characteristic of the series motor is shown in 
Fig. 106 at constant impressed K.M.F, ^ . ^ is the saturation 
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Fig. 108. 

curve of the series machine, with the current as abscissae 
and at constant speed. At current /', the induced E.M.F. 
must be <■ — ir, and the speed is thus -^ — times that, for 
which curve A is plotted where c, = E.M.F. taken from 
saturation curve A. This speed curve corresponds to a con 
stant position of brushes midway between the field poles, as 
generally used in railway motors and other series motors. If 
the brushes have a constant shift or are shifted propor- 
tionally to the load, instead of the saturation curve A in Fij;. 
106, a curve Is to be used corresponding to the position of 
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brushes, that is, derived by adding to the abscissae of A the 
values iq^ the demagnetizing effect of armature reaction. 

The torque of the series motor is shown also in Fig. 106, 
derived as proportional to ^ x /, that is, current x magnetic 
flux. 

Compound Motors. 

Compound motors can be built with cumulative com- 
pounding and with differential compounding. 

Cumulative compounding is used to a considerable ex- 
tent as in elevator motors, etc., to secure economy of current 
in starting and at high loads at the sacrifice of speed regula- 
tion. That is, a compound motor with cumulative series 
field stands in its speed and torque characteristic intermedi- 
ate between the shunt motor and series motor. 

Differential compounding is used to secure constancy of 
speed with varying load, but to a small extent only, since the 
speed regulation of a shunt motor can be made sufficiently 
close as was shown in the preceding. 

Conclusion, 

The preceding discussion of commutating machine types 
can obviously be only very general, showing the main 
characteristics of the curves, while the individual curves can 
be modified to a considerable extent by suitable design of the 
different parts of machine when required to derive certain 
results, as for instance to extend the constant current part 
of the series generator, or to derive a wide range of voltage 
at stability, that is, beyond the bend of the saturation curve 
in the shunt generator, or to utilize the range of the shunt 
generator load characteristic at the maximum current point 
for constant current regulation, or to secure constancy of 
speed in a shunt motor at varying impressed E.M.F., etc. 

The use of the commutating machine as direct cur- 
rent converter has been omitted from the preceding dis- 
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cussion. By means of one or more alternating current 
compensators or auto-transformers, connected to the arma- 
ture by collector rings, the conmiutating machine can be 
used to double or halve the voltage, or convert from one side 
of a three-wire system to the other side. Since, however, 
the direct current converter exhibits many features simi- 
lar to those of the synchronous converter, as regards the 
absence of armature reaction, the reduced armature heating, 
etc., it will be discussed as an appendix to the synchronous 
converter. 
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C. SYNCHRONOUS CONVERTERS. 

I. General. 

For long distance transmission, and to a certain extent 
also for distribution, alternating currents, either polyphase 
or single-phase, are extensively used. For many applications, 
however, as especially for electrical railroading and for 
electrolytic work, direct currents are required, and are 
usually preferred also for low-tension distribution on the 
Edison three-wire system. Thus, where power is derived 
from an alternating system, transforming devices are required 
to convert from alternating to direct current. This can be 
done either by a direct current generator driven by an alter- 
nating synchronous or induction motor, or by a single 
machine consuming alternating and producing direct current 
in one and the same armature. Such a machine is called a 
converter, and combines, to a certain extent, the features of 
a direct current generator and an alternating synchronous 
motor, differing, however, from either in other features. 

Since in the converter the alternating and the direct cur- 
rent pass through the same armature conductors, their 
E.M.P\*s stand in a definite relation to each other, which is 
such that in practically all cases step-down transformers are 
necessary to generate the required alternating voltage. 

Comparing thus the converters with the combination of 
synchronous or induction motor and direct current generator, 
the converter requires step-down transformers, — the syn- 
chronous motor, if the alternating line voltage is considerably 
above 10,000 volts, generally requires step-down transformers 
also, — with voltages of 1000 to 10,000 volts, however, the 
synchronous motor can frequently be wound directly for the 









/-> :. 



218 ELECTRICAL ENGINEERING, 

line voltage and stationary transformers saved. Thus, on 
the one side we have two machines with or generally without 
stationary transformers, on the other side a single machine 
with transformers. 

Regarding the reliability of operation and first cost, 
obviously a single machine is preferable. 

Regarding efficiency, it is sufficient to compare the con- 
verter with the synchronous-motor-direct-current-generator 
set, since the induction motor is inherently less efficient than 
the synchronous motor. The efficiency of the stationary 
t ransfor mer of large size varies from 97% to 98%, with an 
average of 97.5%. That of the converter or of the synchro- 
nous mgtor varies between 91% and 95%, with 93%. as ave- 
rage, and that of the direct current gener ator between 90% 
and 94%, with 92% as average. Thus the converter with its 
step-down transformers will give an average efficiency of 
90.7%, a direct current generator driven by synchronous 
motor with step-down transformers an efficiency of 83.4%, 
without step-down transformers an efficiency of 85.6%. 
J^ence, the converter is more efficient. 

Mechanically the converter has the advantage that no 
transfer of mechanical energ}' takes place, since the torque 
consumed by the generation of the direct current and 
the lorque produced by the alternating current are applied 
at the same armature conductors, while in a direct current 
generator driven by synchronous motor the power has to be 
transmitted mechanically through the shaft. 

n. Ratio of E.M.F.'s and of Currents. 

In its structure, the synchronous converter consists of 
a closed circuit armature, revolving in a direct current- 
excited field, and connected to a segmental commutator as 
well as to collector rings. Structurally, it thus cjffcrs from 
a direct current machine by the addition of the collector 
rings, from certain (very little used) forms of synchronous 
machines by the addition of the segmental commutator. 



SYNCHRONOUS CONVERTERS. 219 

In consequence hereof, regarding types of armature 
windings and of field windings, etc., the same rule applies to 
the converter as to all commutating machines, except that 
in the converter the total number of armature coils with a 
series-wound armature, and the number of armature coils 
per pair of poles with a multiple-wound armature, should be 
divisible by the number of phases. 

Regarding the wave-shape of the alternating induced 
E.M.F., similar considerations apply as for a synchronous 
machine with closed circuit armature ; that is, the induced 
E.M.F. usually approximates a sine wave, due to the multi- 
tooth distributed winding. 

Thus, in the following, only those features will be dis- 
cussed in which the synchronous converter differs from the 
commutating machines 
and synchronous machines 
treated in the preceding 
chapter. 

Fig. 107 represents 
diagrammatically the com- 
mutator of a direct cur- 
rent machine with the ar- 
mature coils A connected 
to adjacent commutator 
bars. The brushes are B^B^ and the field poles FJ^^. 

If now two oppositely located points ayix^ of the commu- 
tator are connected with two collector rings D^D^, it is 
obvious that the E.M.F. between these points ^-j^o, and thus 
between the collector rings DJJ^y will be a maximum in the 
moment where the points a^a^ coincide with the brushes 
B^B^, and is in this moment equal to the direct current 
voltage E of this machine. While the points a^a^ move 
away from this position, the difference of potential between 
a^ and a^ decreases and becomes zero in the moment where 
a^a^ coincide with the direction of the field poles. FJ\. In 
this moment the difference in potential between a^ and a^ 
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reverses and then increases again, reaching equality with E^ 
but in opposite direction, when a^ and a^ coincide with the 
brushes B^ and By 

That is, between the collector rings D^ and D^ an alter- 
nating voltage is produced, whose maximum value equals th e 
iirecj current electro-motive-force Ey and which makes a 



complete period for every revolution of the machine (in a 
bipolar converter, or / periods per revolution in a machine 
2/ poles). 

Hence, this alternating E.M.F. is, 

^ = ^ sin 2 irNt. 
Where iV= frequency of rotation, 

E — E.M.F. between brushes of the machine. 

Thus, the effective value of the alternating E.M.F. is, 

E 



E,= 



V2 



That is, a direct current machine produces between two 
collector rings connected with two opposite points of the 

commutator, an alternating E.M.F. of-—- x the direct cur- 

-^ V2 . 

rent voltage, at a frequency equal to the frequency of 
rotation, and since every alternating current generator is 
reversible, such a direct current machine with two collector 

rings, when supplied with an alternating E.M.F. of — ^x tiie 

direct current voltage at the frequency of rotation, will run 
as synchronous motor, or if at the same time generating 
direct current, as synchronous converter. 

Since, neglecting losses and phase displacement, the out- 
put of the direct current side must be equal to the input of 
the alternating current side, and the alternating voltage in 

the single-phase converter is—— x E^ the alternating current^ 

must be = V2 X /, where / = diiect current output. 

If now the commutator is connected to a further pair of 
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collector rings, ZJ, D^ (Fig. 108) at the points a, and a, midway 
between a, and a^ it is obvious that between D^ and /^^ an 
alternating voltage of the same fre- 
quency and intensity will be produced 
as between D^ and D^ but in quadra- 
ture therewith, since at the moment 
where (?, and a^ coincide with the [ 
brushes B^ B^ and thus receive the \ 
maximum difference of potential, a^ and 
17, are at zero points of potential. 

Thus connecting four equidistant 
points a,, a^ «„ a,, of the direct current 
generator to four collector rings D^, D^ 
four-phase converter, of the E.M.F. 

^"-^^'- -.= 4- 

per phase. ' ' 

The current per phase is (neglecting losses and phase 
displacement). 







since the alternating power, 2 £, /j, must equal the direct 
current power, E I. 

Connecting three equidistant ^ints of the commutator 
to three collector rings as in Fig, 109 gives a three-phase 
converter. 

In Fig. 110 the three E.M.F'.'s between the three collec- 
tor rings and the neutral point of the three-phase system (or Y 
voltages) are represented by the vectors OE^, 0E„ OE^ thus 
the E.M.F. between the collector rings or the delta voltages 
by vectors E^E^ £^,£".. and E^E^ The E.M.F. OE^ is, how- 
ever, nothing but half the E.M.F. £■, in Fig. 107, of the 
single-phase converter, that is, = — =. Hence the Y 



voltage or voltage between collector ring and neutral point 
of a three-phase converter is, 



^, 
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7.^ 



^,^ 



fi-TT 



and the delta voltage thus, 



Ef^E^\IZ^ 1^ = .615 E. 

Since the total three-phase power 8 /^E^ equals the total 
continuous current power /£, it is, 



A = 



IE 2^ 



I^MZL 



3E^ 3 

In general, in an w phase converter, or converter in 
which n equidistant points of the commutator (in a bipolar 



B 





Gf 



Fig. 110. 

machine, or // equidistant points per pair of poles, in a multi- 
polar machine with multiple wound armature) are connected 
to n collector rings, the' voltage between any collector ring 
and the common neutral, or star voltage, is, 

E 



^1 = 



2V^ 



consequently the voltage between two adjacent collector 
rings, or ring voltage, is, 

IT 



-5'sin 



^=2^,sin- = 

n 



n 



y/2 



since — is the angular displacement between two adjacent 



n 



collector rings, and herefrom the current per Ijne or star 
current is found as 






^2: - _- 






V 






it. r 



V — — - ^ JLT 
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and the current flowing from line to line, or from collector 
ring to adjacent collector ring, or ring current, 




n X sm- X 

n ^ 



As seen in the preceding, in the single-phase converter 
consisting of a closed-circuit armature tapped at two equi- 
distant points to the two collector rings, the alternating 

voltage is —_ times the direct current voltage, and the alter- 
V2 

nating current V2 times the direct current. While such an 
arrangement of single-phase converter is the simplest, re- 
quiring only two collector rings, it is undesirable especially 
for larger machines, on account of the great total, and 
especially local PR heating in the armature conductors, as 
will be shown in the following, and due to the waste of 
E.M.F., since in the circuit from collector ring to collector 
ring the E.M.F.'s induced in the coils next to the leads are 
wholly or almost wholly opposite to each other. 

The arrangement which I have called the '* Two Circuit 
Single-phase Converter," and which is diagrammatically 




:r, 






.. rv.J 



/v* ;'*^ (^ 





fig. 111. 

shown in Fig. Ill, is therefore preferable. The step-down 
transformer T contains two independent secondary coils A 
and B, of which the one A feeds into the armature over 
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conductor rings D^ D^ and leads a^a^ the other B^ over 
collector rings D^D^ and leads a^a^ so that the two circuits 
a^a^ and ^g^^are in phase with each other, and each spreads 
over 120° arc instead of 180° arc as in the single circuit 
single-phase converter. 

In consequence thereof, in the two circuit single-phase 
converter the alternating induced E.M.F. bears to the con- 
tinuous current E.M.F. the same relation as in the three- 
phase converter, that is, 

2V2 

and from the equality of alternating and direct current 
power, 

it follows, that each of the two single-phase supply currents 
is, 

V2 

As seen, in this arrangement, one-third of the armature, 
from a^ to a^ and from a^ to a^ carries the direct current 
only, the other two-thirds, from a^ to a^ and from a^ to a^ the 
differential current. 

A six-phase converter is usually fed from a three-phase 
svstom bv three transformers. These transformers can 

either have each one secondary coil only, of twice the star 

E 
or J' voltage, = -—which connects with its two terminals 

v2 
two collector rings leading to two opposite points of the 
armature, or, as usually preferred, to insure more uniform 
di.stribution of currents, each of the step-down transformers 
contains two independent secondary' coUs, and each of the 
two sets of secondar)' coils is connected in three-phase delta 
or F, but the one set of coils reversed with regard to each 
other, thus giving two three-phase systems which join to a 
six^hase system. 
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For further arrangements of six-phase transformation, 
see "Theory and Calculation of Alternating Current Phe- 
nomena," third edition. Chapter XXIX. 

Table No. 1 gives, with the direct current \oltage and 
direct current as unit, the alternating voltages and currents ^ 
of the different converters. j^ ^ 
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These currents give only the energy component of alter- 
nating current corresponding to the direct current output. 
Added thereto is the current required to supply the losses 
in the machine, that is, to rotate it, and the wattless com- 
ponent if a phase displacement is produced in the converter. 

III. Variation of the Ratio of Electro-Motive-Forces. 

The preceding ratios of E.M.F.'s apply strictly only to 
the induced F,,M,F,'s, and that under the assumption of a 
sine wave of alternating "mduced E,M.F. 

The latter is usually a sufliciently close approximation, 
since the armature of the converter is a multitooth structure, 
that is, contains a distributed winding. 
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The ratio between the difference of potential at the com- 
mutator brushes and that at the collector rings of the Cf)n- 
\«_-r.cr u>ually differs s«>mewhat from the theoretical ratio, 
due to the M.M.F. (:(»nsumed in the converter armature, and 
in ma( hines converting from alternating to continuous cur- 
rent, also due t<i the .^^hape nf impressetl wave. 

When c<in verting from alternating to direct current, 
under load the difference of potential at the commutator 
brushes is U:ss than the induced direct current E.M.F.. and 
the indu( ed alT«Tnating K.M.F. less than the impressed, due 
to the \'oltage consumtMl by the armature resistance. 

If thtr rurr«:nt in tlie < inverter is in phase uith the im- 
presserl K.M.I*'., armature se!f-inductinn has little effect; 
but rer lures the induced alternating I^.M.F. below the im- 
prtr'^sed with a 'aggin.i;, and raises it with a leading current, 
in the '^ame wn\ as in a ^vnchronuus niutor. 

Thus in general the rat in of voltages varies somewhat 
with the load and with the j)hase relation, and with constant 
impresserl alternatinic K.M.I', the difference of potential at 
the r«»mmutat«'r bru^hfs decreases with increasing load, 
derrea*ies with detn*asini; excitation flag', andincTeases with 
inrn-asing excitation (l«Md.. 

When .converting fn>m «lirect t«) alternating current the 
reverse is the rase. 

The direct curn*nt voltage stands in definite proportion 
only to the maximum value <if the alternating voitage (being 
eou.'.l to twice the maximum star voltage*, but to the effective 
value M»r value xxi<\(\ hy \«iltnieter) ..nly in so far as the latter 

depends up^m the former, being = - m;i.\imum value with a 

»ine wave. 

Thus with an impressed wave of K.M.F. givuig a dif- 
ferent ratio of maximum to effective value, the rati, '^cru ecn 
direct CorrCP' :urrent voltage is cii^mged in 

the Mi vaaimum to etTectixe. 

I wave of impressed 
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E.M.F., the maximum value of alternating impressed E.M.F. 
and thus the direct current voltage depending thereupon, 
are lower than with a sine wave of the same effective value, 
while with a peaked wave of impressed E.M.F. they are 
higher, by as much as 10% in extreme cases. 

In determining the wave shape of impressed E.M.F. 
at the converter terminals, not only the wave of induced 
generator E.M.F., but also that of the converter induced 
E.M.F., or counter E.M.F., may be instrumental. Thus, 
with a converter connected directly to a generating system 
of very large capacity, the impressed E.M.F. wave will be 
practically identical with the generator wave, while at the 
terminals of a converter connected to the generator over 
long lines with reactive coils and inductive regulators inter- 
posed, the wave of impressed E.M.F. may be so far mcKli- 
fied by that of the counter E.M.F. of the converter, as 
to resemble the latter much more than the generator wave, 
and thereby the ratio of conversion may be quite different 
from that corresponding to the generator wave. 

Furthermore, for instance, in three-phase converters fed 
by ring or delta connected transformers, the Y or star 
E.M.F. at the converter terminals, which determines the 
direct current voltage, may differ from the Y or star 
E.M.F. impressed by the generator, by containing different 
third and ninth harmonics, which cancel when compound- 
ing the Y voltages to the delta voltage, and give identical 
delta voltages, as required. 

Hence, the ratios of E.M.F.'s given in paragraph 2 have 
to be corrected by the drop of voltage in the armature, and 
have to be multiplied by a factor which is V2 times the ratio 
of effective to maximum value of impressed wave of star 
E.M.F. (V2 being the ratio of maximum to effective of the 
sine wave on which the ratios in paragraph 2 were based). 

With an impressed wave differing from sine shape, a 
current of higher frequency, but generally of negligible 
magnitude, flows through the converter armature, due to 
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the difference between impressed and counter E.M. F. 
wave. 



; 



IV. Armature Current and Heating. 




I 

The current flowing in the armature conductors of a 
converter is the difference between the alternating current 
input and the direct current output. 

In Fig. 112, a^y a^, are two adjacent leads connected with 
the collector rings Z^j, Z>, in an //-phase converter. The 

,[i^ alternating E.M.F. between a^ 

and a^ and thus the alter- 



'^^ ^ nating energy current flowing 
in the armature section be- 
tween a^ and a^, will reach a 
maximum when this section is 
midway between the brushes 
B^ and B^ as shown in Fig. 
112. 

The direct current in every armature coil reverses at 
the moment when the the coil passes under brush B^ or 
Bp thus is a rectangular alternating current as shown in 
Fig. 113 as /. At the moment when the alternating energy 
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Fig. 112. 






Fig. 113. 

current is a maximum, an armature coil d midway between 
two adjacent alternating leads a^ and a^ is midway between 
the brushes /)\ and B„, as in Fig. 112, and is thus in the 
mitkllc of its rectangular continuous cunent wave, and con- 
seijuently in this coil the alternating energy and the rec- 
tangular direct current are in phase with each other, but 
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opposite, as shown in Fig. 113 as /^ and /, and the actual 
current is their difference, as shown in Fig. 114. 

In successive armature coils, the direct current reverses 
successively. That is, the rectangular currents flowing in 
successive armature coils are successively displaced in phase 




Fig. 114, 

from each other; and since the alternating current is the 
same in the whole section a^ a^ and in phase with the rec- 
tangular current in the coil d, it becomes more and more 
out of phase therewith when passing from coil d towards ^^ 
or a^ as shown in Figs. 115, 116, 117, and 118, until the 
maximum phase displacement between alternating and rec- 
tangular current is reached at the alternating leads a^ and 

a^ and is equal to -• 

ft 

Thus, if jC = direct voltage,;; and /= direct current,Un 
an armature coil displaced by angle <o from the position dy 
midway between two adjacent leads of the «-phase converter, 

the direct current is - for the half period from to ir, and 



the alternating current is, z^ z, T. 

V2/' sin (<^ - 0,), 



/>v.>^^ O-s 
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where, 
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is the effective value of the alternating current. Thus, the 
actual current in this armature coil is, 

'i= >^/'sin(<^- a>) - 
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and its effective value, 
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Since - is the current in the armature coil of a direct cur- 
rent generator of the same output, we have, 



/, 



2 



_ 8 16 cos cii 

5 • 5'''' • *" 

/r sm^ //TT sin 

// // 



the ratio of the energy loss in the armature coil resistance of 
the converter, to that of the direct current generator of the 
same output, and thus the ratio of coil heating. 

This ratio is a maximum at the position of the altemat- 

ing leads, « = ' , and is, a? s J7 s /L — ^. L, .- • •'-'^ » 



16 COS- /•'V*?^^ t- 



8 

y™= + 1 

tr sm* - nir sm - 

It is a minimum for a coil midway between adjacent 
alternating leads, <i> = 0, and is, 

8 , " \i\ 



• . « W" .IT 

//* Sin'' - fiir sin - 

// n 



Integrating over w from (coil d) to -, that is, over the | 

ft 

whole phase or section ^j a^, we have. 



ttJq 



^ ■ 8 ,16 

ft sin'* - 



the ratio of the total energy loss in the armature resistance 
of an //-phase converter to that of the same machine as 
direct current generator at the same output, or the relative 
armature heating. 

Thus, to get the same energy loss in the armature con- 
ductors, and consequently the same heating of the armature, 
the current in the converter, and thus its output, can be 
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increased in the proportion — - over that of the direct cur- 
's/^ 

rent generator. 

The calculation for the two circuit single-phase converter 
is somewhat different ; since in this in one-third of the arma- 
ture the PR loss is that of the direct current output, and 

2ir 

only in the other two-thirds, — or as arc '^ , — the differen- 

tial current flows. Thus in an armature coil displaced by 
angle <i> from the center of this latter section, the resultant 
current is, 

/o= \^/' sin (<^ - a>) - ^ 






giving the effective value, 

/o = V/ - / V «^ = o V T^ cos a>, 

thus the relative heating, 

//o\2 11 16 
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i '^ with the minimum value, « = 

•^ 11 16 „. 

and the maximum value, « = q> 

and the average current heating in two-thirds of the 
armature, 
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in the remaining third of the armature, r^ = 1, thus the 
average, 



and thus the rating, 



= 1.072, 
= = .97. 



Vf 



By substituting for n in the general equations of cur- 
rent heating and rating based thereon, numerical values, we 
get thus the table, 
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As seen, in the two circuit three-phase converter the 
armature heating is less, and more uniformly distributed, 
than in the single circuit single-phase converter. 

In these values, the small energy current supplying the 
losses in the converter is neglected. 

Assuming this current = ^/', where /' = energy current 
corresponding to direct current (where ^ = .04 when assum- 
ing 4^ loss in mechanical and molecular magnetic friction), 
the total alternating energy current is, 

and the resultant current. 
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thus its effective value, 
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In the two circuit single-phase converter, we have, 
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Herefrom we get the values for the relative current 
heating I", and the corresponding rating -^=, by assuming 



,j = .04. 
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If a phase displacement exists between current and 
E.M.F. in the converter, the current can be resolved into 
an energy component in phase with the E.M.F. and a watt- 
less component in quadrature therewith. 

The loss of power in a resistance due to an alternating 
current is equal to the sum of the losses due to the two 
components, the energy current and the wattless current ; 
and thus if a phase displacement is produced in a converter, 
the loss of power due to the wattless current has to be 
added to the loss of power due to the energy current, as 
discussed and recorded in above-given tables. 

Assuming, for instance, a wattless current at full load 
(leading or lagging) of QO'^ of full-load current, the addi- 
tional energy loss in the armature corresfwnding thereto 
amounts to .3* = ,09 of that of the same machine as alter- 
nating current generator or synchronous machine. 

The relative /*Ii losses in the armature of a direct 
lurrent machine and the different types of synchronous 
machines, at the same power generated, viz., consumed in 
the armature, are calculated in the following table. 

Armature I^R of Commutating and of Synchronous 
Machines, at equal electric power. 

Resistance from brush to brush = 1. 

Total current in direct current machine = 1. 
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Adding these values to the values given in above tables, 
gives a relative heating of the different types of machines, 
and permissible rating (as based on armature heating) as 
follows : 

30% WATTLESS CURRENT. 
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y. Armature Reaction. 

The armature reaction of the polyphase converter is 
the resultant of the armature reactions of the machine as 
direct ^ 'generator and as synchronous motor. If tbe 

OOP hes are set at right angles to the field j ' )• s 
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or without lead or lag, as is usually done in converters, the 
direct, oirr en t ann ature reaction consists in a polarisation 
in quadrature behind the field magnetism. The armature ^^ 



reacti on due to the energy- component of the alternating 
current in a synchronous motor consists of a polarization in 
quadrature ahead of the field magnetism, which is opposite 
to the armature reaction as direct current generator. 

Let tn = total number of turns on the bipolar armature 
of an ;/ = phase converter, / = direct current, then then um- 

ber of turns in series between the brushes = -^, hence the 

ml 
total armature ampere turns, or polarization = -^. Since, 

however, these ampere turns are not unidirectional, but 
distributed over the whole surface of the armature, their 
resultant is, 

ml 1 + 2 

2 



IF = -^r- avg. cos 



And since 



avg. cos. 
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we have, JF = = direct current polarization of the con- 

If 

verter (or direct current generator) armature. 

In an « = phase converter the number of turns per 

phase = - . The current per phase or current between 
two adjacent leads (ring current) is, 
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These ampere turns are distributed over - of the circum- ^ ^v!>v 
ference of the armature, and their resultant is thus, 



^ 



4/^ and since, 



We have, 



^1= avg. cos 



avg. cos. \ = - sm - 

n 



cy ^ yl2ml _ 



vn 



resultant polarization, 



in effective ampere turns, of one phase of the converter. 

The resultant M.M.F. of n equal M.M.F.'s of eflFective 
value of CFi, thus maximum value of IF^ V2, acting under 

2ir 1 

equal angles — > and displaced in phase from each other by - 



2 



of a period, or phase angle — , if found thus : 

Let $F,=CFi V2 sin ( ^ ) = one of the M.M.F.s of phase 

2/V V ^ ' . 2/V 

angle <^ = , acting in the direction « = - • 

That is, the zero point of one of the M.M.F. *s ^j is taken as 
zero point of time <^, and the direction of this M.M.F. as 
zero point of direction w. 

The resultant M.M.F. in any direction « is thus, 

IF = 5i'^iC<>s[« H j 

= IFj V25^/ sin f <^ J cos (« 1 
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and since. 



we have, 



5^/ sin f <^ + 0) J = 0, 



JF = ^^ sin (*-,«) ; 

that is, 

The resultant M.M.F. in any direction o> has the phase, 

^ = 0), 

and the intensity, 

thus revolves in space with uniform velocity and con 
stant intensity, in synchronism with the frequency of the 
alternating current. 

Since in the converter, 

^ V2/w/ 

we have 

IT 




) 



the resultant M.M.F. of the alternating energy current in 
the // = phase converter. 

This M.M.F. revolves synchronously in the armature of 
the converter; and since the armature rotates at synchronism, 
the resultant M.M.F. stands still in space, or with regard 
to the field poles, in opposition to the direct current polariza- 
tion. Since it is equal thereto, it follows, that the resultant 
armature reactions of the direct current and of the cor- 
responding alternatinc: ener^ run-^nt in the synchronous 
converter are equal and opposite th'^s neutralize each other, 
and the resultant armature polarization equals zero. The \ 
same is obviously the case in an "Inverted Converter"; / 
that is, a machine changing from direct to alternating 
current. 

The conditions in a single-phase converter are different, 
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however. At the moment when the alternating^ current = 0, 
the full direct current reaction exists. At the moment 
when the alternating current is a maximum, the reactitm is 
the difference between that of the alternating and of the 
direct current ; and since the maximum alternating current 
in the single-phase converter equals twice the direct current, 
at this moment the resultant armature reacticm is equal but 
opposite to the direct current reaction. 

Hence, the armature reaction oscillates with twice the 
frequency of the alternating current, and with full intensity, 
and since it is in quadrature with the field excitation, tends 
to shift the magnetic flux rapidly across the field poles, and 
thereby tends to cause sparking and energy losses. This 
oscillating reaction is, however, essentially reduced by the 
damping effect of the magnetic field structure. 

Since in consequence hereof the commutation of the 
single-phase converter is not as good as of the poljT>hase 
converter, in the former usually voltage commutation has to 
be resorted to ; that is, the brushes shifted from the position 
midway between the field poles ; and in consequence thereof, 
the continuous current ampere turns inclosed by twice the 
angle of lead of the brushes act as a demagnetizing armature 
reaction, and require a corresponding increase of the field 
excitation under load. 

Since the resultant main armature reactions neutralize 
each other in the polyphase converter, there remain only — 

1st. The armature reaction due to the small energy 
current required to rotate the machine ; that is, to cover the 
internal losses of power, which is in quadrature with the 
field excitation or distorting, but of negligible magnitude. 

2d. The armature reaction due to the wattless com- 
ponen' '^g current where such exists, and 

■ oscfllating nature, which may be called 
of Armature Reaction." 
IS rectangular alternating current in 
phase from coil to coil, while the 
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alternating current is the same in a whole section of the 
armature between adjacent leads. 

Thus while the resultant reactions neutralize, a local 
effect remains which in its relation to the magnetic field 
oscillates with a period equal to the time of motion of the 
armature through the angle between adjacent alternating 
leads ; that is, double frequency in a single-phase converter 
(in which it is equal in magnitude to the direct current 
reaction, and is the oscillating armature reaction discussed 
above), triple frequency in a three-phase converter, and 
quadruple frequency in a four-phase converter. 

The amplitude of this oscillation in a polyphase con- 
verter is small, and its influence upon the magnetic field is 
usually negligible, due to the damping effect of the field 
spools, which act like a short circuited winding for an oscil- 
lation of magnetism. 

A polyphase converter on unbalanced circuit can be con- \ 
sidered as a combination of a balanced polyphase and a 1 
single-phase converter ; and since even single-phase con- \ 
vertcrs operate quite satisfactorily, the effect of unbalanced 
circuits on the polyphase converter is comparatively small, 
within reasonable limits. 

Since the armature reaction of the direct current and \ 
of the alternating current in the converter neutralize each \ 
other, no change of field excitation is required in the con- J 
verter with changes of load. ^ 

Furthermore, while in a direct currer.t generator the 
armature reaction at given field strength is limited by the 
distortion of the field caused thereby, this limitation does 
not exist in a converter; and a much greater armature 
reaction can be safely used in converters than in direct 
current generators, the distortion being absent in the former. . 

Since the armature heating is relatively small, the prac- \^ 
tical limit of overload capacity of a converter is that due to \ 
the commutator, and is usually far higher than in a direct 
current generator, since the distortion of field, which causes / 
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sparking on the commutator under overloads in a direct 
current generator, is absent in a converter. 

The theoretical limit of overload — that is, the overload 
at which the converter as synchroncus motor drops out of 
step and comes to a standstill — is far beyond reach at steady 
frequency and constant impressed alternating voltage, while 
on an alternating circuit of pulsating frequency or drooping 
voltage it obviously depends upon the amplitude and period 
of the pulsation of frequency and on the drop of voltage. 

VI. Wattless Currents and Compounding. 

Since the polarization due to the alternating energ)- cur- 
rent as synchronous motor is in quadrature ahead of the field 
magnetization, the polarization or magnetizing effect of the 
lagging component of alternating current is in phase, that of 
the leading component of alternating current in opposition to 
the field magnetization. That is, in the converter no mag- 
netic distortion exists, and no armature reaction at all if the 
current is in phase with the impressed E.M.F., while the arma- 
ture reaction is de mag netizing with a leading, magnetizing 
with a lagging current. 

Thus if the alternating^ current is lagging , the field ex- 
citation at the same impressed E.M.F. has to be l ower, and 
if the alternati!ig_current is leading, the field excitation has 
to be higher, than required with the alternating current in 

\ phase with the E.M.F. Inversely, by raising the field ex- 
citation a leading current, or by lowering it a lagging current, 
^n be produced in a converter (and in a synchronous motor). 
Since the alternating current can be made magnetizing 
or demagnetizing according to the field excitation, at con- 
stant impressed alternating voltage, the field excitation of 
the converter can be varied through a wide range without 
noticeably affecting the voltage at the commutator bnishes ; 
and in converters of high armature reaction and relatively 
weak field full-load and over-load can be carried by the 
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machine without any field excitation whatever, that is, by 
exciting the field by armature reaction by the lagging 
alternating current. Such converters without field excita- 
tion, or " Reaction Converters," must always run with more 
or less lagging current, that is, give the same reaction on 
the line as induction motors, which, as known, are f^r more 
objectionable than synchronous motors in their reaction i n 
the alternating system. 

Conversely, however, at constant impressed alternating 
voltage the direct current voltage of a converter cannot be 
varied by varying the field excitation (except by the very 
small amount due to the change of the ratio of conversion), 
but a change of field excitation merely produces wattless 
currents, lagging or magnetizing with a decrease, leading or 
demagnetizing with an increase of field excitation. Thua_tQ 
vary the continuous current voltag e of a con vert er^ the im- 
pressed alte rnating voltage has to b e varied. This can be 
done either by potential^ regulator or co mpensa tor, that is, 
transformers of variable ratio of transformation, or b y the 
e ffect of w attless curren ts on self-ind uction. The latter 
method is especially suited for converters, due to their ability 
of producing wattless currents by change of field excitation. 

The E.M.F. of self-induction lags 90® behind the current. 
Thus if the current is lagging 90° behind the impressed 
E.M.F., the E.M.F. of self-induction is 180° behind, or in 
opposition to the impressed E.M.F., and thus reduces it. If 
the current is 90° ahead of the E.M.F., the E.M.F. of self- 
induction is in phase with the impressed E.M.F., thus adds 
itself thereto and raises it. Th us if sel f-inducti on is i nser ted 
i rito the lines between converter and con stant potential gen- 
erator , and a wattless lagging current is produced by the 
converter by a decrease of its field excitation, the E.M.F. of 
self-induction of this_[ agging cu rr ent in the line lowers the 
alternating impressed voltage at the converter and thus its 
direct current voltage ; and if a wattless leading current is 
produced by the converter by an increase of its field excita- 
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' tkjn, the E.M.F. of sdf-induction of this leading current 
raises the impressed alternating voltage at the converter and 
thiLs its direct current voltage. 

In this manner, bv self-i^dnrtini^ in the lines leading to 
/ the cmverter, its vokage can be varied by a change of field 

/ excitation, or conversel)' its voltage maintained constant at 

constant generator voltage or e\'en constant generater excita- 
tioii. with increasing load and thus increasing resistance drop 
in the line ; or the voltage can even be increased mith in- 
reasing load, that is^ the system over-compounded. 
The change of field excitation of the converter ^Tth 
changes of load can be made automatic by the combination 
of shunt and series field, and in this manner a c«.:nvcrter cr.n 
be Compounded or even over-compounded similarly to a 
direct current generator. While the effect is the same, the 
actifjn, however, is different ; and the compound ing takes 
place not in the machine as with a direct current generator, 
but in^the alternating lines leading to the machine , in which 

self-induction becomes essential. 

\ 

VII. Starting. 

The polyphase converter is self-starting from rest ; that 
is, when connected across the polyphase circuit it starts, ac- 
celerates, and runs up to complete synchronism. The 
E.M.F. between the commutator brushes is alternating in 
starting;, with the frequency of slip below synchronism. 
Thus a direct current voltmeter or incandescent lamps con- 
nected across the commutator brushes indicate bv their 
beats the approach of the converter to synchronism. When 
starting, the field circuit of the converter has to be opened 
or at least greatly weakened. The starting of the polyphase 
converter is essentially a hysteresis effect and entirely so in 
machines with laminated field poles, while in machines with 
solid magne^ induced currents in the latter contribute 

to the St 5, but at the same time reduce the mag- 
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netic Starting flux by their demagnetizing effect. The torque 
is produced by the attraction between the alternating cur- 
rents of the successive phases upon the remanent magnetism 
or induced currents produced by the preceding phase. It 
necessarily is comparatively weak, and from full-load to twice 
full-load current is required to start from rest without load. 

Obviously, the single-phase converter is not self-starting. 
At the moment of starting, the field circuit of the converter 
is in the position of a secondary to the armature circuit as 
primarj' ; and since in general the number of field turns is 
very much larger than the number of armature turns, ex- 
cessive E.M.F.*s may be induced in the field, reaching 
frequently 4000 to 6000 volts, which have to be taken care 
of by some means, as by breaking the field circuit into 
sections. As soon as synchronism is reached, which usually t 
takes from a few seconds to a minute or more, the field ■ 
circuit is closed, and the load put on the converter. Obvi- ; 
ously, while starting, the direct current side of the converter / 
must be open circuited, since the E.M.F. between commu- 
tator brushes is alternating until synchronism is reached. 

When starting from the alternating side, the converter 
can drop into synchronism at either polarity ; but its polarity 
can be reversed by strongly exciting the field in the right 
direction by some outside source, as another converter, etc. 

Since when starting from the alternating side the con- 
verter requires a very large and, at the same time, lagging 
current, it is preferable wherever feasible to start it from 
the direct current side as direct current motor. This can 
be done when connected to storage battery or direct current 
generator. When feeding into a direct current system 
together with other converters or converter stations, all but 
the first converter can be started from the continuous cur- 
rent side by means of rheostats inserted into the armature 
circuit. 

To avoid the necessity of synchronizing the converter, 
by phase lamps, with the alternating system in case of 
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Starting by direct current (which operation may be difficult 
where the direct current voltage fluctuates, owing to heavy 
fluctuations of load, as railway systems), it is frequently 
preferable to run the converter up to or beyond synchronism 
by dfa-ect current ; then cut off from the direct current, 
open the field, and connect it to the alternating system, 
thus bringing it into step by alternating current. 

VIII. Inverted Converters. 

Converters may be used to change either from alter- 
nating to direct current or as ** Inverted Converters" from 
direct to alternating current. While the former use is by 
far more frequent, sometimes inverted converters are de- 
sirable. Thus in low-tension direct current system.s, an 
outlying district may be supplied by converting from direct 
to alternating, transmitting as alternating, and then recon- 
verting to direct current. Or in a station containing direct 
current generators for short distance supply and alternators 
for long distance supply, the converter may be used as the 
connecting link to shift the load from the direct to the 
alternating generators, or inversely, and thus be operated 
either way according to the distribution of load on the 
system. 

When converting from alternating to direct current, the 
speed of the converter is rigidly fixed by the frequency, 
and cannot be varied by its field excitation, the variation of 
the latter merely changing the phase relation of the alter- 
nating current. When converting, however, from direct to 
alternating current as only source of alternating current, 
that is, not running in multiple with engine or turbine 
driven alternating current generators, the speed of the con- 
verter as direct current motor depends upon the field 
strength, thus it increases with decreasing and decreases 
with increasing field strength. As alternating current gen- 
erator, however, the field strength depends upon the intensity 
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and phase relation of the alternating current, lagging current 
reducing the field strength, and thus increasing speed and 
frequency, and leading current increasing the field strength, 
and thus decreasing speed and frequency. 

Thus, if a load of lagging current is put on an inverted 
converter, as, for instance, by starting a converter thereby 
from the alternating side, the demagnetizing effect of the 
alternating current reduces the field strength, and causes 
the converter to increase in speed and frequency. An in- 
crease of frequency, however, may increase the lag of the 
current, and thus its demagnetizing effect, and thereby still 
further increase the speed, so that the acceleration may 
become so rapid as to be beyond control by the field rheostat, 
and endanger the machine. Hence, inverted converters 
have to be carefully watched, especially when starting other 
converters from them ; and some absolutely positive device 
is necessary to cut the inverted converter off the circuit 
entirely as soon as its speed exceeds the danger limit. The 
relatively safest arrangement is separate excitation of the 
inverted converter by an exciter mechanically driven thereby, 
since an increase of speed increases the exciter voltage at a 
still higher rate, and thereby the excitation of the converter, 
and thus tends to check its speed. 

This danger of racing does not exist if the inverted 
converter operates in parallel with alternating generators, 
provided that the latter and their prime movers are of such 
size that they cannot be carried away in speed by the 
con\'erter. In an inverted converter running in parallel 
with alternators, the speed is not changed by the field exci- 
tation, but a change of the latter merely changes the phase 
relation of the alternating current supplied by the converter. 
That is, the converter receives power from the direct current 
system, and supplies power into the alternating system, but 
at the same time receives wattless current from the alter- 
nating system, lagging at under-excitation, leading at over- 
excitation, and can in the same way as an ordinary converter 
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or synchronous motor be used to compensate for wattless 
currents in other parts of the alternating system. 

IX. Double Current Generators. 

Similar in appearance to the converter, which changes 
from alternating to direct current, and to the inverted con- 
verter, which changes from direct to alternating current, is 
the double current generator ; that is, a machine dri\en by 
mechanical power and producing direct current as well as 
alternating current from the same armature, which is con- 
nected to commutator and collector rings in the same way 
as in the converter. Ob\iously the use of the double cur- 
rent generator is limited to those sizes and speeds at which 
a good direct current generator can be built i*Tth the same 
number of poles as a good alternator ; that is, low frequency 
machines of large output and relati\'ely high speed, whfle 
high frequency slow speed double current generators are 
undesirable. 

The essential difference between double current gen- 
erator and a^>nverter is, however, that in the former the 
direct current and the alternating current are not in oppc>- 
sition as in the latter, but in the same direction, and the 
resultant armature p^^^larization thus the sum of the armature 
polarization of the direct current and of the alternating 
current. 

Since at the same output and the same field strength, 
the armature polarization of the direct current and that of 
the alternating current is the same, it fc41ows that the resul- 
tant armature polarization of the double current generator is 
proportional to the load, regardless of the proportion in which 
this kiad is distributed between the ahemating and direct 
current side. The heating of the armature due to its resist- 
ance depends upon the sum of the two currents : that is^ 
upon the total kad on the machine. Hence, the output of 
the double current generator ts limited by the current heat- 
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ing of the armature, and by the field distortion due to the 
armature reaction, in the same way as in a direct current 
generator or alternator, and is consequently much less than 
that of a converter. 

In double current generators, owing to the existence of 
armature reaction and consequent field distortion, the com- 
mutator brushes are more or less shifted against the neutral, 
and the direction of the continuous current armature polar- 
ization is thus shifted against the neutral by the same angle 
as the brushes. The direction of the alternating current 
armature polarization, however, is shifted against the neutral 
by the angle of phase displacement of the alternating cur- 
rent. In consequence thereof, the reaction upon the field 
of the two parts of the armature polarization, that due 
to the continuous current and that due to the alternating 
current, are usually different. The reaction on the field of 
the direct current load can be overcome by a series field. 
The reaction on the field of the alternating current load 
when feeding converters, can be compensated for b\' a 
change of phase relation, by means of a series field on the 
converter, with self-induction in the alternating lines. 

Thus, a double current generator feeding on the alter- 
nating side converters, can be considered as a direct current 
generator in which a part of the commutator, with a cor- 
responding part of the series field, is separated from the 
generator and located at a distance, connected by alternating 
leads to the generator. Obviously, automatic compounding 
of a double current generator is feasible only if the phase 
relation of the alternating current changes from lag at no 
load to lead at load, in the same way as produced by a com- 
pounded converter. Otherwise, rheostatic control of the 
generator is necessary. This is, for instance, the case if the 
voltage of the double current generator has to be varied to 
suit the conditions of its direct current load, and the voltage 
of the converter at the end of the alternating lines varied to 
suit the conditions of load at the receiving end, independent 
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of the voltage at the double current generator, by means of 
alternating potential regulators or compensators. 

Compared with the direct current generator, the field of 
the double current generator must be such as to give a much 
greater stability of voltage, owing to the strong demagne- 
tizing effect which may be exerted by lagging currents on 
the alternating side, and may cause the machine to lose its 
excitation altogether. For this reason it is frequently prefer- 
able to separately excite double current generators. 

X. Conclusion. 

Of the types of machines, converter, inverted converter, 
and double current generator, sundry combinations can be 
devised with each other and with synchronous motors, alter- 
nators, direct current motors and generators. Thus, fur 
instance, a converter can be used to supply a certain amount 
of mechanical power as synchronous motor. Tn this case 
the alternating current is increased beyond the value cor- 
responding to the direct current by the amount of cur- 
rent gi\4ng the mechanical power, and the armature reactions 
do not neutralize each other, but the reaction of the alter- 
nating current exceeds that of the direct current by the 
amount corresponding to the mechanical load. In the same 
way the current heating of the armature is increased. An 
inverted converter can also be used to supply some mechani- 
cal power. Either arrangement, however, while quite fea- 
sible, has the disadvantage of interfering with automatic 
control of voltage by compounding. 

Double current generators can be used to supply more 
power into the alternating circuit than is given ly their 
prime mover, by receiving power from the direct current 
side. In this case a part of the alternating power is gene- 
rated from mechanical power, and the other converted from 
direct current power, and the machine combines the features 
of an alternator " * of converter. Con- 
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versely, when supplying direct current power and receiving 
mechanical power from the prime mover and electric power 
from the alternating system, the double current generator 
combines the features of a direct current generator and a 
converter. In either case the armature reaction, etc., is the 
sum of those corresponding to the two types of machines 
combined. 

The use of the converter to change from alternating to 
alternating of a different phase, as, for instance, when using 
a quarter-phase converter to receive power by one pair of 
its collector rings from a single-phase circuit, and supplying 
from its other pair of collector rings the other phase of a 
quarter-phase system, or a three-phase converter on a single- 
phase system supplying the third wire of a three-phase 
system from its third collector ring, is outside the scope 
of this treatise, and is, moreover, of very little importance, 
since induction or synchronous motors are superior in this 
respect. 

I 

APPENDIX. 
Direct Current Converter. 

If n equidistant pairs of diametrically opposite points of a 
commutating machine armature are connected to the ends of 
n compensators or auto-transformers, that is, electric circuits 
interlinked with a magnet circuit, and the centers of these 
compensators connected with each other to a neutral point, 
as shown diagrammatically in Fig. 119 for n = 3, this neutral 
is equidistant in potential from the two sets of commutator 
brushes, and such a machine can l:e used as continuous cur- 
rent converter, to transform in the ratio of potentials 1 : 2 or 
2 : 1 or 1 : 1, in the latter case transforming power from one 
side of a three-wire system to the other side. 

Obviously either the ;/ compensators can be stationary 
and connected to the armature by 2n collector rings, or the 
compensators rotated with the arinature and their common 
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neutral connected to the external circuit by one collector 
ring. 

The distribution of potential and of current in such a 
direct current converter is shown in Fig. 120 for n = 2. that 
is» two compensators in quadrature. 
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Neglecting losses in converter and compensator, the cur- 
rents in the two sets of commutator brushes are equal and of 
the same direction, that is, both outgoing or both inflowing, 
and opposite to the current in the neutral. That is, two 
equal currents / enter the commutator brushes and issue as 
current 2/ from the neutral, or inversely. 

From the law of conservation of energy it follows that 
the current It entering from the neutral divides in 2n 

equal and constant branches of direct current, - in the 

n 

2n compensator sections, and hence enters the armature, to 
issue as current / from each of the commutator brushes. 
In reality the current in each compensator section is 



- -f-/* V2cos(6 — w h a J, 

n \ n J 



where /<, is the exciting current of the magnetic circuit of 
the compensator, and a the angle of hysteretic advance of * 
phase. At the commutator the current on the motor side 
is larger than the current on the generator side, by the 
amount required to cover the losses of power in converter 
and compensator. 

In Fig. 120 the positive side of the system is generator, 
the negative side motor. This machine can be considered 
as receiving current i at voltage e from the negative side of 
the system, and transforming it into current / at voltage e 
on the positive side of the system, or it can be considered 
as receiving current i at voltage 2e from the system, and 
transforming into current 2/ at the voltage e on the positive 
side of the system, or of receiving current 2/ at voltage e 
from the negative side, and returning current / at voltage 2e, 
In either case the direct current converter produces a dif- 
ference of power of 2ie between the two sides of the three- 
wire system. 

The armature reaction of the currents from the generator 
side of the converter is equal but opposite to the armature- 
reaction of the corresponding currents entering the motor 
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side, and the motor and generator armature reactions thus 
neutralize each other, as in the synchronous converter, that 
is, the resultant armature reaction of the continuous current 
converter is practically zero, or the only remaining armature 
reaction is that corresponding to the relatively small current 
required to rotate the machine, that is, to supply the internal 
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losses in the same. Obviouslv it also remains the armature 
reaction of the current supplj-ing the electric power trans- 
formed into mechanical power, if the machine is used simul> 
taneously as motor, as for driving a booster connected into 
the system to produce a difference between the voltages of 
the two sides, or the armature reaction of the currents gren- 
crated from mechanical power if the machine is driven as 
generator. 

While the currer nnature a>ils are more or less 

sine waves in the tanguhr reversed currents 

in the diref^ v molor, and distorted 
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triple frequency currents in the synchronous converter, the 
currents in the armature coils of the direct current con- 
verter are triangular double frequency waves. 

Let Fig. 121 represent a development of a direct cur- 
rent converter with brushes B^ and B^ and C one compen- 
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sator receiving current 2/ from the neutral. C(»nsider first 
an armature coil ^^ adjacent behind (in the direct.oii of rota- 
tion) a compensator lead 6y In the moment where com- 
pensator leads d^ b^ coincide with the brushes By^ B^ the cur- 
rent i directly enters the brushes and coil ay^ is without 
current. In the next moment (Fig. \2\A) the total cur- 
rent / from ^j passes coil a^^ to brush B^ while prnctically no 
current yet goes from ^, over coils a^ /?", etc., to brush B,.. 
But with the forward motion of the armature less and loss of 
the current from ^^ passes through a^^ r„, etc., t > brush B^ 
and more over a' a'\ etc., to brush ^,, until in the position 
of ^1 midway between ^^and b^ (Fig. 121/?), one half of the 
current from ^^ passes a^ a^, etc., to ^,, the other half n' a", 
etc., to B^ With the further rotation the current in a^ 
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grows less and becomes zero when b^ coincides with B^ or 
half a cycle after its coincidence with B^. That is, the cur- 
rent in coil a, has the triangular form shown as i^ in Fig. 122, 
changing twice per period from to i. It is shown negative^ 
since it flows against the direction of rotation of the anna- 
ture. In the same way we see that the current in the coil d, 
adjacent ahead of the lead d„ has a shape shown as i^ in Fig. 
16. The current in coil a, midway between two commutator 
leads has the form t^ and in general the current in any 
armature coil a„ distant by angle a from the midway position 
a^. has the form i^ Fig. 122. 

All the currents become zero at the moment where the 
compensator leads d,^, coincide with the brushes B^B^ and 
change by i at the moment where their respective coils pass 
a commutator brush. Thus the lines A and A' in Fig. 123 




with zero values at B^B^ the position of brushes, represent 
the currents in the individual armature coils. The current 
changes from A to A' at the moment u, where the respec- 
tive armature coU passes the brush, twice per period. 

With « compensators, each compensator lead carries the 
current -, which passes through the armature coils as tri- 
angular current, changing by - in the moment ihe armature 
coil passes a commu t^g r brush. This current passes the 
mpensator lead coincides 
fflerent currents ol n compen 
armature coil i;^ have the 
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shape shown in Fig. 124 for « = 3. That is, each compen- 
sator gives a set of slanting lines A^A\y A^'^ A^'^ and all 




Fig. 124, 

the branch currents i^ /, i^ superposed, give a resultant 
current i„ which changes by i in the moment the coil passes 

the brush. 4 varies between the extreme values — (2/ — 1) 

i ^ 

and ^(2/-fl), if the armature coil is displaced from the 

midway position between two adjacent compensator leads by 

angle w, and/ = . / varies between — — - ^nd^\-^r-. 

IT ' 2n 2n 

Thus the current in an armature coil in position / = - 

IT 

can be denoted in the range from / to 1 +/, or luto ir +«, 

by 

4=2(2^-1). 
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mean current heating, r, and rating as based on mean cur- 
rent heating in the armature, — : 

Vr 



DIRECT CURRENT CONVERTER /«r RATING. 
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As seen, the output of the direct current converter 
is greater than that of the same machine as generator. 
Using more than three compensators offers very little 
advantage, and the difference between three and two com- 
pensators is comparatively small, also, but the difference 
between two and one compensator, especially regarding the 
local armature heating, is considerable, so that for most 
practical purposes a two-compensator converter would be 
i:)referable. 

The number of compensators used in the direct cur- 
rent converter has a similar effect regarding current dis- 
tribution, heating, etc., as the number of phases in the 
synchronous converter. 

Obviously these relative outputs given in above tal)lc re- 
fer to the armature heating only. Regarding commutation, 
the total current at the brushes is the same in the converter 
as in the generator, the only advantage of the former thus 
the better commutation due to the absence of armature 
reaction. 
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The limit of output set by armature reaction and corre- 
sponding field excitation in a motor or generator obviously 
does not exist at all in a converter. It follows herefrom 
that a direct current motor or generator does not give the 
most advantageous direct current converter, but that in the 
direct current converter, just as in the synchronous con- 
verter, it is preferable to proportion the parts differently, in 
accordance with above discussion, as, for instance, to use 
less conductor section, a greater number of conductors in 
series per pole, etc. 
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D. INDUCTION MACHINES. 
I. General. 

The direction of rotation of a direct current motor, 
whether shunt or series wound, is independent of the direc- 
tion of the current supplied thereto. That is, when revers- 
ing the current, in a direct current motor the direction t)f 
rotation remains the same. Thus theoretically any con- 
tinuous current motor should operate also with alternating 
currents. Obviously in this case not only the armature, but 
also the magnetic field of the motor must be thoroughly 
laminated to exclude eddy currents, and care taken, that the 
current in field and in armature reverses simultaneously. 
The simplest way of fulfilling the latter condition is obviously 
to connect field and armature in series as alternating current 
series motor. Such motors have been used to a limited ex- 
tent. Their main objection is, however, the excessive self- 
induction introduced by the alternating field excitation, and 
the consequently low power factor, and also the vicious 
sparking at the commutator. Besides, as series motor the 
speed is not constant, but depends upon the load. 

The shunt motor on an alternating circuit has the ob- 
jection that in the armature the current should be energy 
current, thus in phase with the E.M.F., while in the field 
the current is lagging nearly 90°, as magnetizing current. 
Thus field and armature would be out of phase with each 
other. To overcome this objection the field may be excited 
from a separate E.M.F. differing 90° in phase from that 
supplied to the armature. That is, the armature of the 
motor is fed by one, the field by the other phase of a quarter- 
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phase system, and thus the current in the armature brought 
approximately in phase with the magnetic flux of the field. 

Such an arrangement obviously loads the two phases of 
the system unsymmetrically, the one with the armature 
energy current, the other with the lagging field current. To 
balance the system two such motors may be used simultane- 
ously and combined in one structure, the one receiving 
energy current from the first, magnetizing current from the 
second phase, the second motor receiving magnetizing cur- 
rent from the first and energy current from the second 
phase. 

The objection of the vicious sparking of the commutator 
can be entirely overcome by utilizing the alternating feature 
of the current ; that is, instead of leading the current into 
the armature by commutator and brushes, producing it 
therein by electro-magnetic irduclion, by closing the arma- 
ture conductors upon themselves and surrounding the 
armature by an inducing coil at right angles to the field 
exciting coil. 

Such motors have been built, consisting of two struc- 
tures each containing a magnetizing circuit acted upon by- 
one phase, and an energy circuit inducing a closed circuit 
armature and excited by the other phase of a quarter-phase 
system. 

Going still a step further, the two structures can be com- 
bined into one by having each of the two coils fulfill the 
double function of magnetizing the field and inducing cur- 
rents in the armature which are acted upon by the mag- 
netization produced by the other phase. 

Obviously, instead of two phases in quadrature any 
number of phases can be used. 

This leads us by gradual steps of development from the 
continuous current shunt motor to the alternating current 
polj'phase induction motor. 

In its general behavior the alternating current induction 
motor is analogous to the continuous current shunt motor. 
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Like the shunt motor, it operates at approximately constant 
magnetic density. It will run at fairly constant speed, slow- 
ing down gradually with increasing load. The main differ- 
ence IS, that in the induction motor the current is not passed 
into the armature by a system of brushes, as in the con- 
tinuous current motor, but induced in the armature ; and in 
consequence thereof, the primary circuit of the induction 
motor fulfills the double function of an exciting circuit 
corresponding to the field circuit of the continuous current 
machine, and a primary circuit inducing a secondary current 
in the armature by electro-magnetic induction. 

Since in the armature of the induction motor the cur- 
rents are produced by induction from the primary impressed 
currents, the induction motor in its electro-magnetic fea- 
tures is essentially a transformer ; that is, it consists of a 
magnetic circuit or magnetic circuits interlinked with two 
electric circuits or sets of circuits, the primary or inducing, 
and the secondary or induced circuit. The difference be- 
tween transformer and induction motor is, that in the former 
the secondary is fixed regarding the primary, and the electric 
energy induced in the secondary is made use of, while in the 
latter the secondary is movable regarding the primary, and 
the mechanical force acting between primary and secondary 
is used. In consequence thereof the frequency of the cur- 
rents flowing in the secondary of the induction motor differs 
from, and as a rule is very much lower than, that of the 
currents impressed upon the primary, and thus the ratio of 
E.M.F.'s induced in primary and in secondary is not the 
ratio of their respective turns, but is the ratio of the product 
of turns and frequency. 

Taking due consideration of this difference of frequency 
between primary and secondary, the theoretical investigation 
of the induction motor corresponds to that of the stationary 
transformer. The transformer feature of the induction 
motor predominates to such an extent that in theoretical 
investigation the induction motor is best treated as a trans- 
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former, and the electrical output of the transformer corre- 
sponds to the mechanical output of the induction motor. 

The secondary or armature of the motor consists of two 
or more circuits displaced in phase from each other so as to 
offer a closed secondary to the primary circuits, irrespective 
of the relative motion. The primary consists of one or 
several circuits. 

In consequence of the relative motion of the primary and 
secondary, the magnetic circuit of the induction motor must 
be arranged so that the secondary while revolving does not 
leave the magnetic field of force. That means, the magnetic 
field of force must be of constant intensity in all directions, 
or, in other words, the component of magnetic flux in any 
direction in space be of the same or approximately the same 
intensity but differing in phase. Such a magnetic field can 
either be considered as the superposition of two magnetic 
fields of equal intensity in quadrature in time and space, or 
it can be represented theoretically by a revolving magnetic 
flux of constant intensity, or simply treated as alternating 
magnetic flux of the same intensity in every direction. 

In the polyphase induction motor this magnetic field is 
produced by a number of electric circuits relatively displaced 
in space, and excited by currents having the same displace- 
ment in phase as the exciting coils have in space. 

In the monocyclic motor one of the two superimposed 
quadrature fields is excited by the primary energy circuit, 
the other by the magnetizing or teaser circuit. 

In the single-phase motor one of the two superimposed 
magnetic quadrature fields is excited by the primary elec- 
tric circuit, the other by the induced secondary or armature 
currents carried into quadrature position by the rotation of 
the secondary. In either case, at or near synchronism the 
magnetic fields are identical. 

The transformer feature being predominant, in theo- 
retical investigations of induction motors it is generally 
preferable to start therefrom. 
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The characteristics of the transformer are independent 
of the ratio of transformation, other things being equal. 
That is, doubling the number of turns for instance, and at 
the same time reducing their cross-section to one-half, leaves 
the efficiency, regulation, etc., of the transformer unchanged. 
In the same way, in the induction motor it is unessential 
what the ratio of primary to secondary turns is, or in other 
words, the secondary circuit can be wound for any suitable 
number of turns, provided the same total copper cross-section 
is used. In consequence hereof the secondary circuit is 
mostly wound with one or two bars per slot, to get maxi- 
mum amount of copper, that is, minimum resistance of 
secondary. 

The general characteristics of the induction motor being 
independent of the ratio of turns, it is for theoretical con- 
siderations simpler to assume the secondary motor circuits 
reduced to the same number of turns and phases as the pri- 
mary, or the ratio of transformation 1, by multiplying 
all secondary currents and dividing all E.M.F/s with the 
ratio of turns, multiplying all secondary impedances by 
the square of the ratio of turns, etc. 

Thus in the following under secondary current, E.M.F., 
impedance, etc., shall always be understood their values 
reduced to the primary, or corresponding to a ratio of turns 1 
to 1, and the same number of secondary as primary phases, 
although in practice a ratio 1 to 1 will hardly ever be used, 
as not fulfilling the condition of uniform magnetic reluctance 
desirable in the starting of the induction motor. 

II. Polyphase Induction Motor. 

1. Introduction. 

The typical induction motor is the polyphase motor. By 
gradual development from the direct current shunt motor we 
arrive at the polyphase induction motor. 
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The magnetic field of any induction motor, whether sup- 
plied by polyphase, monocyclic, or single-phase E.M.F., is at 
normal condition of operation, that is, near synchronism, a 
polyphase field. Thus to a certain extent all induction 
^ motors can be called polyphase machines. When supplied 
with a polyphase system of E.M.F.'s the internal reactions of 
the induction motor are simplest and only those of a trans- 
former with moving secondary, while in the single-phase 
induction motor at the same time a phase transformation 
occurs, the second or magnetizing phase being produced 
from the impressed phase of E.M.F. by the rotation of the 
motor, which carries the induced currents in quadrature 
position with the inducting current. 

The polyphase induction motor of the three-phase or 
quarter-phase type is the one most commonly used, while 
single-phase motors have found a more limited application 
only, and especially for smaller powers. 

Thus in the following more particularly the polyphase 
induction machine shall be treated, and the single-phase type 
only in so far discussed as it differs from the typical poly- 
phase machine. 

2. Calculation. 

In the polyphase induction motor. 
Let 

y^^ g -V jb = primary exciting admittance, or admit- 
tance of the primary circuit at open secondary 

circuit ; 
that is, 

^e = magnetic energy current, 
he = wattless magnetizing current, 
where 

e = induced E.M.F. of motor, 

Zq = /-Q — jx^ = primary self-inductive impedance, 
Zi = ^1 — jx^ = secondary self-inductive impedance, 

reduced to the primary by the ratio of turns.* 

* The self-inductive reactance refers to that flux which surrounds one of the electric 
circuits only, v^ithout being interlinked with the other circuits. 
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All these quantities refer to one primary circuit and one 
corresponding secondary circuit. Thus in a three-phase in- 
duction motor the total power, etc., is three times that of 
one circuit, in the quarter-phase motor with Ihree-phase 
armature li of the three secondary circuits are to be 
considered as corresponding to each of the two primary 
circuits, etc. 

Let 

e = primary counter E.M.F., or E.M.F. induced in the pri- 
mary circuit by the flux interlinked with primary and 
secondary (mutual induction) ; 

s = slip, with the primary frequency as unit, 

that is, 

J = 0, denoting synchronous rotation, 
J = 1 standstill of the motor. 

We then have, 

1 — J = speed of the motor secondary as fraction of syn- 
chronous speed. 
sN = frequency of secondary currents, 
where 

N = frequency impressed upon the primary ; 
hence, 

se = E.M.F. induced in the secondary. 

The actual impedance of the secondary circuit at the 
frequency sN is, 

hence. 

Secondary current, 

where, _ sr^ _ s^x^* . 

Primary exciting current, 
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hence, 

Total primary current, 

where, 

'^i = ''i + gy dt = a^-h b. 

The E.M.F. consumed in the primary circuit by the 
impedance Z^ is /^ Z^ the counter E.M.F. is r, hence, 

Primary terminal voltage, 

where 

Eliminating complex quantities, we have, 

hence, 

Counter E.M.F. of motor, 



where, 

^0= impressed E.M.F., absolute value. 

Substituting this value in the equations of ^, ^ ^ 
etc., gives the complex expressions of currents and E.M.F.'s, 
and eliminating the imaginary quantities, we have. 

Primary current, 

/o = ^ V^i* + bi, etc. 

The torgue of the polyphase induction motor (or any 
other motor or generator) is proportional to the product of 
the mutual magnetic flux and the component of ampere 
/ turns of the armature or secondary, which is in phase with 

the magnetic flux in time, but in quadrature therewith in 
direction or space. Since the induced E.M.F. is propor- 
tional to the mutual magnetic flux and the number of turns, 
but in quadrature thereto in time, the torque of the induc- 
tion motor is proportional also to the product of the induced 
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E.M.F. and the component of secondary current in quadra- 
ture therewith in time and in space. 
Since 

is the secondary current corresponding to the induced E.M.F. 
e^ the secondary current in the quadrature position thereto 
in space, that is, corresponding to the induced E.M.F. y^, is 

and a^e is the component of this current in quadrature in 
time with the E.M.F. c. 

Thus the torque is proportional to ^ x a^e, or 



This value T is in its dimension a power, and it is the 
power which the torque of the motor would develop at 
synchronous speed. 

In induction motors, and in general motors which have 
a definite limiting speed, it is preferable to give the torque 
in the form of the power developed at the limiting speed, 
in this case synchronism, as "synchronous watts," since 
thereby it is made independent of the individual conditions 
of the motor, as its number of poles, frequency, etc., and 
made comparable with the power input, etc. It is obvious 
that when given in synchronous watts, the maximum pos- 
sible value of torque which could be reached, if there were no 
losses in the motor, equals the power input. Thus, in an 
induction motor with 9000 watts power input, a torque of 
7000 synchronous watts means that } of the maximum theo- 
retically possible torque is realized, while the statement, "a 
torque of 30 lbs. at one foot radius,*' would be meaningless 
without knowing the number of poles and the frequency. 
Thus, the denotation of the torque in synchronous watts is 
the most general, and preferably used in induction motors. 
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Since the theoretically maximum possible torque equals 
the power input, the ratio, 

torque in synchronous watts output^ 

power input ' 

that is, 

actual torque 
maximum possible torque 

is called the torque efficieticy of the motor, analogous to the 

power efficiency or 

power output , 

power input 
that is, 

power output 



maximum possible power output 
Analogously 

torque in s)mchronous watts 



voltamperes input 

is called the apparent torque efficiency. 

The definition of these quantities, which are of importance 
in judging induction motors, are thus : 

The " efficiency " or ^' power efficiency " is the ratio of the 
true mechanical output of the motor to the output which it 
would give at the same power input if there were no internal 
losses in the motor. 

The '^apparent efficiency'' or ^^ apparent power efficiency*' 
is the ratio of the mechanical output of the motor to the 
output which it would give at the same voltampere input if 
there were neither internal losses nor phase displacement in 
the motor. 

The " torque efficiency " is the ratio of the torque of the 
motor to the torque which it would have at the same power 
input if there were no internal losses in the motor. 

The ^^ apparent torque efficiency'* is the ratio of the 
torque of the motor to the torque which it would give at the 
same voltampere input if there were neither internal losses 
nor phase displacement in the motor. 
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The torque efficiencies are of special interest in starting 
where the power efficiencies are necessarily zero, but it 
nevertheless is of importance to find how much torque per 
watt or per volt-ampere input is given by the motor. 

Since 

is the power developed by the motor torque at synchronism, 
the power developed at the speed of (1 — J) x synchronism, 
or the actual tx)wer output of the motor, is, 

z' = (1 - j) r 

= ^a^ (1 — s) 
__ ^ryS (1 — s) 

The output P includes friction, windage, etc. ; thus, the 
net mechanical output is P — friction, etc. Since, however, 
friction, etc., depend upon the mechanical construction of 
the individual motor and its use, it cannot be included in a 
general formula. P is thus the mechanical output, and T 
the torque developed at the armature conductors. 

The primary current 

has the quadrature components eb^ and eb^ 
The primary impressed E.M.F. 

has the quadrature components ecy and ec^. 

Since the components eb^ and cc^, and eb^ and ec^, respec- 
tively, are in quadrature with each other, and thus represent 
no power, the power input of the primary circuit is, 

eb'^ X eC'^ -h ebz X cc^. 
Or, 

/',= <?» (Vi + Vj)- 

The volt-amperes or apparent input is obviously, 

Q = /«^o 
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Since the counter E.M.F. e (and thus the impressed 
E.M.F. E^ enters in the equation of current, magnetism, etc., 
as a simple factor, in the equations of torque, power input 
and output and voltampere input as square, and cancels in 
the equation of efficiency, power factor, etc., it follows that 
the current, magnetic flux, etc., of an induction motor are 
proportional to the impressed E.M.F., the torque, power out- 
put, power input, and voltampere input are proportional to 
the square of the impressed E.M.F., and the torque and 
power efficiencies and the power factor are independent of 
the impressed voltage. 

In reality, however, a slight decrease of efficiency and 
power factor occurs at higher impressed voltages, due to the 
increase of resistance caused by the increasing temperature 
of the motor and due to the approach to magnetic saturation, 
and a slight decrease of efficiency occurs at lower voltages 
when including in the efficiency the loss of power by friction 
(since this is independent of the output and thus at lower 
voltage, that is, lesser output, a larger percentage of the 
output), so that the efficiencies and the power factor can be 
considered as independent of the impressed voltage, and the 
torque and power proportional to the square thereof only 
approximately, but sufficiently close for most purposes. 

3. Load and Speed Curves. 

Diagrammatically it is most instructive in judging about 
an induction motor to plot from the preceding calculation. 

1st. The load cutveSy that is, with the load or power out- 
put as abscissae, the values of speed (as fraction of synchro- 
nism), of current input, power factor, efficiency, apparent 
efficiency, and torque. 

2d. The speed cun^es, that is, with the speed, as fraction 
of synchronism, as abscissae, the values of torque, current 
input, power factor, torque efficiency, and apparent torque 
efficiency. 
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The load curves are most instructive for the range of 
speed near synchronism, that is, the noimal operating con- 
ditions of the motor, while the speed curves characterize the 
behavior of the motor at any speed. 
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nv. 134. 
In Fig. 125 are plotted the load curves, and in Fig. 126 
the speed curves of a typical polyphase induction motor of 
moderate size, of the constants, 
e^= 110. 
Ko = .lll -.1/, 
Z,= .l -.3/, 
Zo= .1 - Zj. 
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As sample of a pour motor of hi^ resistance and high 
admittance or exciting current are plotted in Fig. 127 the 
load curves of a motor of the constants, 
e^= 110. 
K, = .W + .4/ 

2.= ..1 - ..v; 

showing the overturn of the power factor curve frequently 
met in poor motors. 
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The shape of the characteristc motor curves depends 
entirely on the three complex constants, 1',, Z,. and /f«. but 
is essentially independent of the impressed voltage. 

Thus a change of the admittance V^has no effect on the 
characteristic cur%es pro\ided that the impedances z", and Z, 
are changed inversely proportional thereto, suih a charge 
merely representing the effect of a change of impressed 
voltage. A change of one of the impedances has relatively 
little effect on the motor characteristics, provided that the 
other impedance changes so that the sum Z, + Z^ remains 
constant, and thus the motor can be characterized by tts 
total internal impedance, that is. 

^ = 2, + 2. 



-jx = 






-.'•^^x-t 
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Thus the characteristic behavior of the induction motor 
depends upon two complex imaginary constants Y and Z, or 
four real constants, g, b, r, x, the same terms which char- 
acterize the stationary alternating current transformer on 
non-inductive load. 
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Fig. 727. 

Instead of conductance g, susceptance i, resistance r, 
and reactance x, as characteristic constants may be chosen, 

the absolute admittance,)' = Vf ' + I? ; 

ihe absolute impedance s = V'* + -«*; 

the power factor of admittance = ^ /> ; 
and the power factor of impcrlrrce y =rf»\ 
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proportional to the sum of the self-inductance of primar)^ and 
secondary circuit. 

Thus the characteristic constant 6 =^yz\% approximately 
the ratio of total self -inductance to mutual inductance of 
the motor circuits ; that is, the ratio of the flux interlinked 
with one circuit, primary or secondary, only, to the flux 
interlinked with both circuits, primary and secondary, or 
the ratio of the waste flux to the useful flux. The impor- 
tance of this quantity is evident. 

4. Effect of Armature Resistance and Starting. 

The secondary or armature resistance i\ enters the equa- 
tion of secondary current, 

and the further equations only indirectly in so far as i\ is 
contained in a^ and a^. 

Increasing the armature resistance «-fold, to wr^, we get 
at an «-fold increased slip nSy 

' ^ nr^ — jnsx^ rj — jsx ' 

that is, the same value, and thus the same values for ^, I^ 
Ty P^ Qf while the power is decreased from P = {1 — s) T, 
to P = (1 - ns) Ty and the efficiency and apparent effi- 
ciency are correspondingly reduced. The power factor is not 
changed. Hence, 

An increase of armature resistance r^ produces a pro- 
portional increase of slip s, and thereby corresponding 
decrease of power output, efficiency and apparent efficiency, 
but does not change the torque, power input, current, power 
factor, and the torque efficiencies. 

Thus the insertion of resistance in the armature or sec- 
ondary of the induction motor offers a means to reduce the 
speed corresponding to a given torque, and thereby any 
desired torque can be produced at any speed below that 
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corresponding to short circuited armature or secondar)', with- 
out changing torque or current. 

Hence, given the speed curve of a short circuited motor, 
the speed curve with resistance inserted in the armature 
can be deri\'ed therefrom directly by increasing the slip in 
proportion to the increased resistance. 

This is dcme in Fig. 128, in wliich are shown the speed 
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curves of the motor Figs. 125 and 126, between standstill 
and synchronism, for : 

Short circuited armature, r^ = .1 (same as Fig. 126). 

.15 ohms additional resistance per circuit inserted in 
armature, i\ = .25, that is, 2.5 times increased slip. 

.5 ohms additional resistance inserted in the armature, 
/'i = .6, that is, 6 times increased slip. 

1.5 ohms additional resistance inserted in the armature, 
r^ = 1.6, that is, 16 times increased slip. 

The corresponding current curves are shown on the 
same sheet. 

With short circuited armature the maximum torque of 
8250 synchronous watts is reached at 16% slip. The 
starting torque is 2950 synchronous watts, and the starting 
current 176 amperes. 

With armature resistance r, = .25, the same maximum 
torque is reached at 40% slip, the starting torque is in- 
creased to 6050 synchronous watts, and the starting current 
decreased to 160 amperes. 

With the armature resistance r^ = .6, the maximum 
torque of 8250 synchronous watts takes place in starting, 
and the starting current is decreased to 124 amperes. 

With armature resistance r^ = 1.6, the starting torque is 
below the maximum, 5620 synchronous watts, and the start- 
ing current is only 64 amperes. 

In the two latter cases the lower or unstable branch of 
the torque curve has altogether disappeared, and the motor 
speed is stable over the whole range ; the motor starts with 
the maximum torque which it can reach, and with increas- 
ing speed, torque and current decrease ; that is, the motor 
has the characteristic of the direct current series motor, 
except that its maximum speed is limited by synchronism. 

It follows herefrom that high secondary resistance, while 
very objectionable in running near synchronism, is advan- 
tageous in starting or running at very low speed, by redu- 
cing the current input and increasing the torque. 
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In starting we have, 



Substituting this value in the equations of sub-section 2 gives 
the starting torque, starting current, etc., of the polyphase 
induction motor. 

In Fig. 129 are shown for the motor in Figs, 125, 126, 
and 128 the values of starting torque^ current, power fac- 
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tor, torque efficiency, and apparent torque efficiency for 
various values of the secondary motor resistance, from 
fj = .1, the internal resistance of the motor, or ^ = 
additional resistance to r^ = 5.1 or ^ = 5 ohms additional 
resistance. The best values of torque efficiency are found 
beyond the maximum torque point. 

The same Fig. 129 also shows the torque with resistance 
inserted into the primary circuit. 

The insertion of reactance, either in the primary or in the 
secondary, is just as unsatisfactory as the insertion of resist- 
ance in the primary circuit. 

Capacity inserted in the secondary very greatly increases 
the torque within the narrow range of capacity correspond- 
ing to resonance with the internal reactance of the motor, 
and the torque which can be produced in this way is far in 
excess of the maximum torque of the motor when running 
or when starting with resistance in the secondary. 

But even at its best value, the torque efficiency available 
with capacity in the secondary is far below that available 
with resistance. 

For further discussion of the polyphase induction motor, 
see Transactions American Institute of Electrical Engineers, 
1897, page 176. 

III. Single-phase Induction Motor. 
1. Introduction. 

In the polyphase motor a number of secondary coils, dis- 
placed in position from each other, are acted upon by a 
number of primary coils displaced in position and excited by 
E.M.F.*s displaced in phase from each other by the same 
angle as the displacement of position of the coils. 

In the single-phase induction motor a system of armature 
circuits is acted upon by one primary coil (or system of 
primary coils connected in series or in parallel) excited by a 
single alternating current. 
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A number of secondary circuits displaced in position 
must be used so as to ofiFer to the primary circuit a short 
circuited secondary in any position of the armature. If only 
one secondary coil is used, the motor is a synchronous 
induction motor, and belongs to the class of reaction 
machines. 

A single-phase induction motor will not start from rest, 
but when started in either direction will accelerate with 
increasing torque and approach sjTichronism. 

When nmning at or ver)* near synchronism, the magnetic 
field of the single-phase induction motor is identical with 
that of a pol)-phase motor, that is, can be represented by the 
thei^r}' of the rotating field. Thus, in a turn wound under 
angle + to the primar)' winding of the singlephase induction 
motor, at synchronkm an E.M.F. is induced equal to that 
induced in a turn of the primarj- winding, but diflFering 
therefrom by angle ^ in phase. 

In a polyphase motor the magnetic flux in any direction 
is due to the resultant M.M.F. of primary- and of secondar\' 
currents* in the same wav as in a transformer. The same 
is the case in the direction of the xxis of the exciting coil of 
the single-phase induction raot^x-. In the directi«.>n at ni;:ht 
angles to the avis of the excitin^r coiL hvnvever. the macrictic 
flux is due to the M.M.F. of the armature currents a!- ^re. 
nv> primar}" E.M.F. r^ctrng in this direvtion. 

i ^ >nsevjuent I y. in the {Xil xii tutse motor rjnnLri;: li^ht , 
that is* doinjc no wv.'rk whatever, the anTrarj ^re b ec'.>mes 



vurrentlesSv and the primarv currents are the exctiin;! cur- 
rent ot the m*X^>r or'.y. la the smgle^gtuse induct >:a m^tor. 
ex'en when rsinnirg light, the arrrsature'^'Sill carries tjie ex- 
cfttn^ current of the masnietic t!ux m Quadrature with the 
axis of the primary e.xcittng coi Sirrce this fiux has 
essentially the same inteiitsity as the ttux rn the directron ^-^f 
the JLX!s ot the priT^arx- excitinj^ o.^il. t^e current in thr! 
am^ature of the sin^e<*hise :rtcuctk»n m^"^tor mrrnmc: I^t. 
ar^i therefore also the praoarv current o?rresrc»r.<5ng thereto. 
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has the same M.M.F., that is, the same intensity as the 
primary exciting current, and the total primary current of 
the single-phase induction motor running light is thus twice 
the exciting current, that is, it is the exciting current of the 
main magnetic flux plus the current inducing in the armature 
the exciting current of the cross magnetic flux. In the 
armature or secondary at s)mchronism this exciting current 
is a current of twice the primary frequency, at any other 
speed it is of a frequency equal to speed (in cycles) plus 
synchronism. 

Thus, if in a quarter-phase motor running light one phase 
is open circuited, the current in the other phase doubles. If 
in the three-phase motor two phases are open circuited, the 
current in the third phase trebles, since the resultant M.M.F. 
of a three-phase machine is 1.5 times that of one phase. 
In consequence thereof, the total volt-ampere input of the 
motor remains the same, and at the same magnetic density, 
or the same impressed E.M.F., all induction motors, single- 
phase as well as polyphase, consume approximately the same 
volt-ampere input, and the same power input for excitation, 
and give the same distribution of magnetic flux. 

Since the maximum output of a single-phase motor at 
the same impressed E.M.F. is considerately less than that of 
a polyphase motor, it follows therefrom that the relative ex- 
citing current in the single-phase motor must be larger. 

The cause of this cross magnetization in the single-phase 
induction motor near synchronism is that the induced arma- 
ture currents lag 90° behind the inducing magnetism, and 
are carried by the synchronous rotation 90° in space before 
reaching their maximum, thus giving the same magnetic 
effect as a quarter-phase E.M.F. impressed upon the primary 
system in quadrature position with the main coil. Hence 
they can be eliminated by impressing a magnetizing quadra- 
ture E.M.F. upon an auxiliary motor circuit as is done in 
the monocyclic motor. 

Below synchronism, the induced armature currents are 
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carried less than 90°, and thus the cross magnetization due 
to them is correspondingly reduced, and becomes zero at 
standstill. 

The torque is proportional to the armature energy cur- 
rents times the intensity of magnetic flux in quadrature 
position thereto. 

In the single-phase induction motor, the armature energy 
currents // = ca^ can flow only coaxially with the primary 
coil, since this is the only position in which corresponding 
primary currents can exist. The magnetic flux in quadrature 
position is proportional to the component e carried in quadra- 
ture, or approximately to (1 — s) e, and the torque is thus, 

thus decreases much faster with decreasing speed, and be- 
comes zero at standstill. The power is then. 

Since in the single-phase motor one primary circuit only, 
but a multiplicity of secondary circuits exists, all secondary 
circuits are to be considered as corresponding t.) the same 
primary circuit, and thus the joint impedance of all sec- 
ondary circuits must be used, as the secondar)' imj^edance, 
at least at or near synchronism. Thus, if the armature has a 

quarter-phase winding of impedance Z^ per circuit, the resul- 

Z 

tant secondary impedance is — \ if it contains a three-phase 

winding of impedance Zj per circuit, the resultant secondary 

Z 

impedance is — *. 

In consequence hereof the resultant secondar)' imj>e- 
dance of a single-phase motor is less in comparison with the 
primary impedance than in the poh-phase motor. Since the 
drop of speed under kvid depends upon the secondarj' resist- 
ance, in the single-phase induction motor the drop in speed 
r at kxid is generally less than in the polyphase motor. Thfe 
greater constancy of speed of the single-phase induction 
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motor has led to the erroneous opinion that such a motor 
operates at synchronism, while obviously, just as the 
polyphase induction motor, it can never reach complete 
synchronism. 

The further calculation of the single-phase induction 
motor is identical with that of the polyphase induction motor, 
as given in the former chapter. 

In general, no special motors are used for smgle-phase 
circuits, but polyphase motors adapted thereto. An induc- 
tion motor with one primary winding only could not be 
started by a phase-splitting device, and would necessarily 
be started by external means. A polyphase motor, as for 
instance a three-phase motor operating single-phase, by 
having two of its terminals connected to the single-phase 
mains, is just as satisfactory a single-phase motor as one 
built with one primary winding only. The only difi"crence 
is, that in the latter case a part of the circumference of the 
primary structure is left without winding, while in the poly- 
phase motor this part contains windings also, which, how- 
ever, are not used, or are not effective when running as 
single-phase motor, but are necessary when starting by 
means of displaced E.M.F.'s. Thus, in a three-phase motor 
operating from single-phase mains, in starting, the third 
terminal is connected to a phase-displacing device, giving 
to the motor the cross magnetization in quadrature to the 
axis of the primary coil, which at speed is produced by the 
rotation of the induced secondary currents, and which is 
necessary for producing the torque by its action upon the 
induced secondary energy currents. 

Thus the investigation of the single-phase induction 
motor resolves itself into the investigation of the polyphase 
motor operating on single-phase circuits. 
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2. Load and Speed Curves. 

Comparing thus a three-phase motor of exciting admit- 
tance per circuit Y^^ g -^-jby and self -inductive impedances 
Z^=z r^ —jx^ and Z^ =s r^ -~j\ per circuit, with the same 
motor operating as single-phase motor from one pair of 
terminals, the single-phase exciting admittance is F^' = 3 K 
(so as to give the same voltamperes excitation S^Fq), the 
primary self-inductive impedance is the same, Z^ = r^ —jx^ 

the secondary self-inductive impedance single-phase, how- 

Z 

ever, is only Z/ = -\ since all three secondary circuits cor- 

o 

respond to the same primary circuit, and thus the total 

Z 

impedance single-phase is Z' =^ Z^-k- — S while that of the 

o 

three-phase motor is Z = Z'^, -f- Z^. 

Assuming approximately Z^^ Zj, we have. 



Thus, absolute, it is. 



^7 



3^ — 3Iq, 
Z' =\Z, and 



That is, the characteristic constant of a motor running 
single-phase is twice what it is running three-phase, or poly- 
phase in general. 

Hence, the ratio of exciting current to current at stand- 
still, or of waste flux to useful flux, is doubled by changing 
from polyphase to single-phase. 

This explains the inferiority of the single-phase motor 
compared with the polyphase motor. 

As a rule, an average polyphase motor makes a poor 
single-phase motor, and a gocxl single-phase motor must be 
an excellent polyphase motor. 

As instances are shown in Figs. 1-^0 and 131 the load 
curves and speed curves of the three-phase motor of which 
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the curves of one circuit are given in Figs. 125 and 126, of 
the constants : 

THiu-riiAB, r,= lK). Sihcu-thau. 

K, = .01 + .1/ K, = .03 +■ .3>, 

Z, = .l-.3/ Z^ = X~Zj, 

Z, = .1 - .3/ Z, = .033 - .1/ 

Thus, 9 = 6.36. Thus, = 12.72. 
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It is of interest to compsu^e Fig: 130 with Fi^ L25 and 

to note :fae lesser drop A speed «due to the rdativeiy lower 
secondary resistance) and lower p#>wer factor and etfrriencies>. 
espedaily at light load. T:iti maximiini output is reduced 
from 3 X TOW = iL<>«)0 in rhe three-phase motor to &1W 
watts in the singie-phase moti>r- 

Since^ however, the internal Losses are less in. the single- 
phase motor, it ran he operated at from i5 to 30 \ higher 
magnetic density than the same motor pi^lyphase, and in 
this case its output is from | to J that of the p#3lyphase 
mot - 

The preceding discussion of the single-phase induction 
motor is approximate, and correct only at or near synciiro- 
nism, where the magnetic field \s practically a uniform^ 
rotating tieid of constant intensity, that is» the quadrature 
fiux pnxiuced by the armature magnetization equal to the 
main magnetic flux produced by the impressed E.M.F. 

If an accurate calculation of the motor at intermediate 
speerl and at standstill is required, the change (rf eflFecti\'e 
exciting admittance and of secondary impedance, due to the 
decrease of the quadrature flux, have to be considered. 

At sj-nchronism the total exciting admittance gives the 
M.M.F*. of main flux and au.\iliary flux, while at standstill 
the quadrature flux has disappeared or decreased to that 
given by the starting device, and thus the total exciting ad- 
mittance has decreased to one-half of its synchronous value, 
or one-half plus the exciting admittance of the starting flux. 

The effective secondary' impedance at synchronism is the 
joint impedance of all secondary* circuits, at standstiD, how- 
ever, ')nly the joint impedance of the projection of the 
secondary coils on the direction of the main flux, that is, 
twi( T as lar^e as at synchronism. In other words, from 
standstill to synchronism the effective secondary impe- 
dance gradually decreases to one-half its standstill value at 
wynrhronism. 

For fuller discussion hereof the reader must be referred 
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to my second paper on the Single-phase Induction Motor, 
Transactions A. I. E. E., 1900, page 37. 

The torque in Fig. 131 obviously slopes towards zero at 
standstill. The effect of resistance inserted in the secondary 
of the single-phase motor is similar as in the polyphase motor 
in so far as an increase of resistance lowers the speed at 
which the maximum torque takes place. While, however, 
in the polyphase motor the maximum torque remains the 
same, and merely shifts towards lower speed with the increase 
of resistance, in the single-phase motor the maximum torque 
decreases proportionally to the speed at which the maximum 
torque point occurs, due to the factor (1— j) entering the 
equation of the torque, 

Thus, in Fig. 132 are given the values of torque of the 
single-phase motor for the same conditions and the same 
motor of which the speed curves polyphase are given In 
Fig. 128. 
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¥lg. 182. 

The maximum value of torque which can be reached at 
any speed lies on the tangent drawn from the origin on to 
the torque curve for r, = .1 or short circuited secondary. At 
low speeds the torque of the single-phase motor is greatly 
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with the induced secondary currents in time, and in quadra- 
ture with the line of armature polarization in space. They 
consist in producing a component of magnetic flux in quad- 
rature in space with the primary magnetic flux inducing the 
armature currents, and in phase with the latter ; that is, in 
quadrature with the primary magnetic flux. 
Thus if, 

F = polarization due to the induced or armature currents, 
M = auxiliary magnetic flux, 

<^ = phase displacement in time between M and jP, 
and, 

o> = phase displacement in space between M and P^ 

the torque is, 

T = PM sin 0) cos ^. 

In general the starting torque, apparent torque efficiency, 
etc., of the single-phase induction motor with any of these 
devices are given in percent of the corresponding values of 
the same motor with polyphase magnetic flux, that is, with a 
magnetic system consisting of two equal magnetic fluxes in 
quadrature in time and space. 

The infinite variety of arrangements proposed for start- 
ing single-phase induction motors can be grouped into three 
classes. 

1. Phase-Splitting Devices. The primary system is 
composed of two or more circuits displaced from each other 
in position, and combined with impedances of different in- 
ductance factors so as to produce a phase displacement 
between them. 

When using two motor circuits, they can either be con- 
nected in series between the single-phase mains, and shunted 
with impedances of different inductance factors, as, for in- 
stance, a condensance and an inductance, or they can be 
connected in shunt between the single-phase mains but in 
series with impedances of different inductance factors. Ob- 
viously the impedances used for displacing the phase of the 
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exciting coils can either be external or internal, as represented 
by high-resistance winding in one coil of the motor, etc. 

In this class belongs the use of the transformer as a 
phase- splitting device, by inserting a transformer primary in 
series to one motor circuit in the main line, and connecting 
the other motor circuit to the secondary of the Ircnsformer, 
or by feeding one of the motor circuits directly from the 
mains, and the other from the secondary of a transformer 
connected across the mains with its primary. In either 
case, it. is the internal impedance, respectively internal admit- 
tance, of the transformer which is combined with one of the 
motor circuits for displacing its phase, and thus this arrange- 
ment becomes most effective by using transformers of high 
internal impedance or admittance, as constant power trans- 
formers or open magnetic circuit transformers. 

2. Inductive Devices. The motor is excited by the 
combination of two or more circuits which are in inductive 
relation to each other. This mutual induction between the 
motor circuits can either take place outside of the motor in 
a separate phase-splitting device, or in the motor proper. 

In the first case the simplest form is the divided circuit 
whose branches are inductively related to each other by 
passing around the same magnetic circuit external to the 
motor. 

In the second case the simplest form is the combination 
of a primary exciting coil and a short circuited secondary coil 
induced thereby on the primary member of the motor, or a 
secondary coil closed by an impedance. 

In this class belong the use of the shading coil and the 
accelerating coil. 

3. Monocyclic Starting Devices. An essentially watt- 
less E.M.F. of displaced phase is produced outside of the 
motor, and used to energize a cross magnetic circuit of the 
motor, either directly by a special teaser coil on the motor, 
or indirectly by combining this wattless E.M.F. with the 
main E.M.F.and thereby deriving a system of E.M.F.'s 
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of approximately three-phase or any other relation. In this 
case the primary system of the motor is supplied essentially 
by a polyphase system of E.M.F. with a single-phase flow 
of energ)', a system, which I have called "monocyclic." 

For a complete discussion and theoretical investigation 
of the different starting devices, the reader must be referred 
to the paper on the single-phase induction motor, '* Ameri- 
can Institute of Electrical Engineers' Transactions, 1898,*' 
February. 

The use of the resistance-inductance, or monocyclic 
starting device with three-phase wound induction motor, 
will be discussed somewhat more explicitly as the only 
method not using condensers, which has found extensive 
commercial application. It gives relatively the best starting 
torque and torque efficiencies. 

In Fig. 133, M represents a three-phase induction motor 
of which two terminals, 1 and 2, are connected to single- 
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phase mains, and the terminal 3 to the common connection 
of a conductance a (that is, a resistance -J and an equal 

susceptance y^: (thus a reactance — -j connected in series 

across the mains. 

Let F = ^ -l-y^ = total admittance of motor between 
terminals 1 and 2 while at rest. We then have, 

4 K= total admittance from terminal 3 to terminals 1 
and 2, regardless whether the motor is delta or V wound. 

Let ^r = E.M.F. in single-phase mains. 

£ = difference of potential across conductance a of the 
starting device. 
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We then have, 

Current in «, ^ = Ea^ 

KM.F. across ya, e — E, 

Thus, current in ja, 

I^ = ja(e - E), 

Thus current in cross magnetizing motor circuit from 8 to 
1,2, 

The E.M.F. of the cross magnetizing circuit is, as may 
be seen from the diagram of E.M.F/s, which form a tri- 
angle with Ef^ E and e — E 2iS sides, 

E, = E-(e^E)^2E-e, 
and since, 

we have, 

£a -ja{^^E) = % y(2E - ^). 

This expression solved for £ becomes, 

3/^-4 r 

which from the foregoing value of Eq gives, 

or, substituting, 

expanding, and multiplying both numerator and denomi- 
nator by 

(.-,.y (2.-i<£±i-)) , 

gives, Eo = ea - >-— -— <- 

(<^ - s ^n^ + {^ - W 

and the imaginary component thereof, or E.M.F. in quadra- 
ture to e in time and in space, is 



A 
3 



Co' =-jea 



{<^-%gf + (^- 5^) 



2 
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In the same motor on three-phase circuit this quadrature 
E.M.F. is the altitude of the equilateral triangle with e as 

sides, thus =J^-^> and since the starting torque of the 

motor is proportional to this quadrature E.M.F., the relative 
starting torque of the monocyclic starting device, or the 
ratio of starling torque of the motor with monocyclic start- 
ing device that of the same motor on three-phase circuit, is 



2 

For further discussion of this subject the reader is 
referred to the paper on " Single-phase Induction Motors " 
mentioned above. 

4. Acceleration with Starting Device. 

The torque of the single-phase inductiv)n n.oto ; (without 
starting device) is proportional to the product of main flux 
or magnetic flux produced by the primarj' impressed E.M.F., 
and the speed. Thus it is the same as in the i-olyphase 
motor at or very near synchronism, but falls off with decreas- 
ing speed and becomes zero at standstill. 

To produce a starting torque, a device has to be used to 
impress an auxiliary magnetic flux upon the motor, in quad- 
rature with the main flux in time and in space, and the start- 
ing torque is proportional to this auxiliarj' or quadrature 
flux. During acceleration or at intermediate speed, the torque 
of the motor is the resultant of the main torque, or torque 
produced by the primary main flux, and the auxiliary 
torque produced by the auxiliary quadrature or starting flux. 
In general, this resultant torque is not the sum of main and 
auxiliary torque, but less, due to the interaction between 
the motor and the starting device. 

All the starting devices depend more or less upon the 
total admittance of the motor and its power factor. With 
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increasing speed, however, the total admittance of the motor 
decreases, and its power factor inci tases, and an auxiliary 
torque device suited for the admiuance ot the motvjr at 
standstill will not be suited for the ciianged admittance at 
speed. 

The currents induced in the seconder)' by the main or 
primary magnetic flux are carried by the rotation of the 
motor more or less in quadrature position, and thus produce 
the quadrature flux giving the main torque as discussed 
before. 

This quadrature component of the main flux induces an 
E.M.F. in the auxiliary circuit of the starting device, and 
thus changes the distribution of currents and E.M.F.'s in 
the starting device. The circuits of the starting device 
then contain, besides the motor admittance and external 
admittance, an active counter E.M.F., changing with the 
speed. Inversely, the currents produced by the counter 
E.M.F. of the motor in the auxiliary circuit react upon the 
counter E.M.F., that is, upon the quadrature component of 
main flux, and change it. 

Thus during acceleration we have to consider : 

1. The effect of the change of total motor admittance, 
and its power factor, upon the starting de\ice. 

2. The effect of the counter E.M.F. of the motor upon 
the starting device, and the effect of the starting device 
upon the counter E.M.F. of the motor. 

1. The total motor admittance and its power factor 
change very -much during acceleration in motors with short 
circuited low resistance secondary. In such motors the 
admittance at rest is verj* large and its power factor low, 
and with increasing speed the admittance decreases and its 
power factor increases greatly. In motors with short cir- 
cuited high resistance secondary, the admittance also de- 
creases greatly during acceleration, but its power factor 
changes less, being already high at standstill. Thus the 
starting device will >^ -^^^ted less. Such motors, however. 
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are inefficient at speed. In motors with variable secondary 
resistance the admittance and its power factor can be main- 
tained constant during acceleration, by decreasing the resist- 
ance of the secondary circuit in correspondence with the 
increasing counter E.M.F. Hence, in such motors the start- 
ing device is not thrown out of adjustment by the changing 
admittance during acceleration. 

In the phase-splitting devices, and still more in the 
inductive devices, the starting torque depends upon the 
internal or motor admittance, and is thus essentially affected 
by the change of admittance during acceleration, and by the 
appearance of a counter E.M.F. during acceleration, which 
throws the starting device out of its proper adjustment, so 
that frequently while a considerable torque exists at stand- 
still, this torque becomes zero and then reverses at some 
intermediate speed, and the motor, while starting with fair 
torque, is not able to run up to speed with the starting 
device in circuit. Especially is this the case where capacity 
is used in the starting device. 

IV. Induction Generator. 
1. Introduction. 

In the range of slip from j = to j = 1, that is, from 
synchronism to standstill, torque, power output, and power 
input of the induction machine are positive, and the machine 
thus acts as a motor, as discussed before. 

Substituting, however, in the equations in paragraph 1 
for s values > 1, corresponding to backward rotation of the 
machine, the power input remains positive, the torque also 
remains positive, that is, in the same direction as for i- < 1, 
but since the speed (1 — s) becomes negative or in opposite 
direction, the power output is negative, that is, the torque 
in opposite direction to the speed. In this case, the machine 
consumes electrical energy in its primary and mechanical 
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energ)' by a torque up{»sing the rotation, thus act; ^ as 
brake. 

The total power, electrical as well as mechanical, is con- 
sumed by internal losses of the motor. Since, however, 
with large slip in a low resistance motor, the torque and 
power are small, the braking power of the induction machine 
at backward rotation is, as a rule, not considerable. 

Substituting for s negative values, corresponding to a 
speed above synchronism, torque and power output and 
power input become negative, and a load curve can be 
plotted for the induction generator which is very similar, 
but the negative counterpart of the induction motor load 
curve. It is for the machine shown as motor in Fig. 125, 
given as Fig. \?>\, while Fig. 135 gives the complete speed 
curve of this machine from s = 1.5 to ^ = — 1. 
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The generator part of the curve for j < is of the same 
character as the motor part, J > 0, but the maximum torque 
and maximum output of the machine as generator are greater 
than as motor. 
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Thus an induction motor when speeded up above syn- 
chronism acts as powerful brake by returning energy into 
the lines, and the maximum braking effect or the maximum 
energy returned by the machine will be greater than the 
maximum motor torque or output. 
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2. Constant Speed Induction or Asynchronous 
Generator. 

The curves in Fig, 10 are calculated at constant fre- 
quency JV, and thus to vary the output of the machine as 
ijenerator the speed has to be increased. This condition 
nay be realized in case of induction generators running in 
p.irallcl with synchronous generators iiiuler conditions where 
it is desirable that the former should take as much load as 
its driving power permits ; as, for instance, if the induction 
generator is driven by a water power while the synchronous 
generator is driven by steam engine. In this case, the control 
of speed would be affected on the synchronous generator, 
and the asynchronous generator be with<Hit speed-controlling 
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devices, running up beyond synchronous speed as much as 
required to consume the power supplied to it. 

Conversely, however, if an induction machine is driven at 
constant speed and connected to a suitable circuit as load, 
the frequency given by the machine will not be synchronous 
with the speed or constant at all loads, but decreases with 
increasing load from practical synchronism at no load, and 
thus for the induction generator at constant ^>eed a load 
curve can be constructed as shown in Fig. 136, giving the 
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decrease of frequency with increasing load in the same man. 
ner as the speed of the induction motor at constant fre- 
quency decreases with the load. In the calculation of these 
in-Juction generator cur\es for constant speed, the change of 
frequency with the load has obviously to be considered, that 
is. in the equations the reactance x^, has to be replaced by the 
reactance x^ (1 — s), otherwise the equations remain the 
same. 
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3. Power Factor of Induction Generator. 

The induction generator diiFers essentially from a syn- 
chronous alternator (that is, a machine in which an armature 
revolves relatively through a constant or continuous mag- 
netic field) by having a power factor requiring leading cur- 
rent. That is, in the synchronous alternator the phase 
relation between current and terminal voltage depends en- 
tirely upon the external circuit, and according to the nature 
of the circuit connected to the synchronous alternator the 
current can lag or lead the terminal voltage or be in phase 
therewith. In the induction or asynchronous generator, 
however, the current must load the terminal voltage by the 
angle corresponding to the load and voltage of the machine, 
or in other words the phase relation between current and 
voltage in the external circuit must be such as required hy 
the induction generator at that particular load. 

Induction generators can operate only on circuits with 
leading current or circuits of negative effective reactance. 

In Fig. 137 are given for the constant speed induction 
generator in Fig. 136 as function of the impedance of the 
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external circuit -s" = -^^ as abscissae (where e^ = terminal volt- 

age, /'o = current in external circuit), the leading power factor 
/ = cos a> required in the load, the inductance factor g = 
sin 0), and the frequency. 

Hence, when connected to a circuit of impedance s this 
induction generator can operate only if the power factor of 
its circuit is / ; and if this is the case the voltage is indefinite, 
that is, the circuit unstable, even neglecting the impossibility 
of securing exact equality of the power factor of the external 
circuit with that of the induction generator. 

Two possibilities thus exist with such an induction 
generator circuit. 

1st. The power factor of the external circuit is constant 
and independent of the voltage, as when the external circuit 
consists of resistances, inductances, and capacities. 

In this case if the power factor of the external circuit is 
higher than that of the induction generator, that is, the lead- 
ing current less, the induction generator fails to excite and 
generate. If the power factor of the external circuit is 
lower than that of the induction generator, the latter excites 
and its voltage rises until by saturation of its magnetic cir- 
cuit and the consequent increase of exciting admittance, 
that is, decrease of internal power factor, its power factor has 
fallen to equality with that of the external circuit. 

In this respect the induction generator acts like the 
direct current shunt generator, that is, it becomes stable 
only at saturation, but loses its excitation and thus drops 
its load as soon as the voltage falls below saturation. 

Since, however, the field of the induction generator is 
alterrating, it is usually not feasible to run at saturation, 
due to excessive hysteresis losses, except for very low fre- 
quencies. 

2d. The power factor of the external circuit depends 
upon the voltage impressed upon it. 

This, for instance, is the case if the circuit consists of a 
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synchronous motor or contains synchronous motors or syn- 
chronous converters. 

In the synchronous motor the current is in phase with 
the impressed E.M.F. if the impressed E.M.F. equals the 
counter E.M.F. of the motor, plus the internal loss of volt- 
age. It is leading if the impressed E.M.F. is less, and 
lagging if the impressed E.M.F. is more. Thus when con- 
necting an induction generator with a synchronous motor, at 
constant field excitation of the latter the voltage of the in- 
duction generator rises until it is as much below the counter 
E.M.F. of the synchronous motor as required to give the 
leading current corresponding to the power factor of the 
generator. Thus a system consisting of a constant speed 
induction generator and a synchronous motor at constant 
field excitation is absolutely stable. At constant field exci- 
tation of the synchronous motor, at no-load the synchronous 
motor runs practically at synchronism with the induction 
generator, with a terminal voltage slightly below the coun- 
ter E.M.F. of the synchronous motor. With increase of 
load the frequency and thus the speed of the synchronous 
motor drops, due to the slip of frequency in the induction 
generator, and the voltage drops, due to the increase of lead- 
ing current required, and the decrease of counter E.M.F. 
caused by the decrease of frequency. 

By increasing the field excitation of the synchronous 
motor with increase of load, obviously the voltage can be 
maintained constant, or even increased with the load. 

When running from an induction generator a synchro- 
nous motor gives a load curve very similar to the load curve 
of an induction motor running from a synchronous generator ; 
that is, a magnetizing current at no-load and a speed gradu- 
ally decreasing with the increase of load up to a maximum 
output point, at which the speed curve bends sharply down, 
the current curve upward, and the motor drops out ot step. 

The current, however, in the case of the synchronous 
motor operated from an induction generator is leading, while 
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it is lagging in an induction motor operated from a synchro- 
nous generator. 
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In Fig. 188 is shown the load curve of a synchronous 
■<* (mn the induction generator in Fig. 136, 

' own the load curve of an over-com- 
verter operated from an induction 
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generator, the over-compounding being such as to give 
approximately constant terminal voltage, e. 

Obviously when operating a self-exciting synchronous 
converter from an induction generator, the system is unstable 
also, if both machines are below magnetic saturation, since 
in this case in both machines the induced E.M.F. is proper- 
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tional to the field excitation and the field excitation pro- 
portional to the voltage. That is, with an unsaturateil 
induction generator the synchronous converter operated 
therefrom must have its magnetic field excited to a density 
above the bend of the saturation curve. 

Since the induction generator requires for its operation 
leading current varying with the load in the manner deter- 
mined by the internal constants of the motor, to make an 
induction or synchronous generator suitable for operation on 
a general alternating current circuit, it is necessary to have 
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a synchronous machine as exciter in the circuit supplying the 
required leading current to the induction generator ; and in 
this case the voltage of the system is controlled by the field 
excitation of the synchronous machine, that is, its counter 
E.M.F. Either a synchronous motor of suitable size running 
light can be used herefor as exciter of the induction gen- 
erator, or the leading exciting current of the induction 
generator may be derived from synchronous motors or con- 
verters in the same system, or from synchronous alternating 
current generators operated in parallel with the induction 
generator, in which latter case, however, these currents come 
from the synchronous alternator as lagging currents. Elec- 
trostatic condensers may also be used for excitation, but in 
this case besides the condensers a synchronous machine is 
required to secure stability. 

Therefore, induction generators are more suited for cir- 
cuits which normally carry leading currents, as synchronous 
motor and synchronous converter circuits, but less suitable 
for circuits with lagging currents, since in the latter case 
an additional synchronous machine is required, gixing all the 
lagging currents of the system plus the induction generator 
exciting current. 

Obviously, when running induction generators in parallel 
with a synchronous alternator, no synchronizing is required, 
but the induction generator takes a load corresponding to 
the excess of its speed over synchronism, or conversely if the 
driving power behind the induction generator is limited, no 
speed regulation is required, but the induction generator runs 
at a speed exceeding synchronism by the amount required 
to consume the driving power. 

TTie foregoing consideration obviously applies to the 
polyphase induction generator as well as the single-phase 
induction generator, the latter, however, requiring a larger 
exciter in consequence of its lower power factor. The 
curves shown in the preceding apply to the machine as 
pol)'phase generator. 
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The effect of resistance in the secondar)' is essentially 
the same in the induction generator as in the induction motor. 
An increase of resistance increases the slip, that is, requires 
an incrtase of speed at the same torque, current and output, 
and thus correspondingly lowers the efficiency. 

Regarding the synchronous induction machine, that is, 
a machine having a single-phase or polyphase primary and a 
singlij-phase secondary, I must refer to my book, "Theory 
and Calculation of Alternating Current Phenomena," where 
it is shown that such a machine not only operates lilvc an 
ordinary induction machine as motor below and as generator 
above synchronism, but can operate also at synchronism 
either as generator or as motor, according to the phase 
relation between the impressed E.M.F. and the position of 
the secondary circuit, the work being done in a similar 
manner as in a reaction machine by a distortion of the wave 
shape, or what may be called an energy component oi s.if- 
induction, due to a periodic variation of inductance. 
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V. Induction Booster. 

the induction machine, at a given slip s, current and 
lal voltage are proportional to each other and of con- 
phase relation, and their ratio is a constant. Thus 
connected in an alternating circuit, whether in shunt 
series, and held at a speed giving a constant and definite 
, either positive or negative, the induction machine acts 
, constant impedat 

pedanceand its components, theapparent 

:irent reactance represented by the induc- 

wiih the slip. At synchronism apparent 

(T, and reactance are a maximum. They 

(■,^-.1;- p isiiive slip. With increasing 

II lit impedance and readancc decrease 

ince decreases to zero and then in- 

: direction as shown in Fig. 140, 
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which givLs liic apparent impedance, resistance, and reactance 
of the machine shown in Figs. 125 and 126, etc., with the 
speed as abscissae. 
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flf. 140. 

The cause is, that energj- current flows in opposition to 
the terminal voltage above synchronism, and thereby the in- 
duction machine behaves as an impedance of negative 
resistance, that is, adding an energy E.M.F. into the circuit, 
proportional to the current. 

As may be seen herefrom, the induction machine when 
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inserted in series in an alternating current circuit can be 
used as a booster ; that is, as an apparatus to produce and 
insert in the circuit an E.M.F. proportional to the current, 
and the amount of the boosting effect can be varied by 
varying the speed, that is, the slip at which the induction 
machine is revolving. Above synchronism the induction 
machine boosts ; that is, raises the voltage ; below synchron- 
ism it lowers the voltage ; in either case also adding an out- 
of -phase E.M.F. due to its reactance. The greater the slip, 
either positive or negative, the less is the apparent resist- 
ance, positive or negative, of the induction machine. 

The effect of resistance inserted in the secondary of the 
induction booster is similar to that in the other applications 
of the induction machine ; that is, it increases the slip 
required for a certain value of apparent resistance, thereby 
lowering the efficiency of the apparatus, but at the same 
time making it less dependent upon minor variations of speed; 
that is, requires a lesser constancy of slip,-and thus of speed 
and frequency, to give a steady boosting effect. 

VI. Phase Converter. 

It may be seen from the preceding, that the induction 
machine can operate equally well as motor, below synchron- 
ism, and as generator, above synchronism. 

In the single-phase induction machine, the motor or 
generator action occurs in one primary circuit only, but in 
the direction in quadrature to the primary circuit a mere 
magnetizing current flows, either in the armature, in the 
single-phase motor proper, or in an auxiliary field-circuit, in 
the monocylic motor. 

The motor and generator action can occur, however, 
simultaneously in the same machine, some of the primary 
circuits acting as motor, others as generator circuits. Thus, 
if one of the two circuits of a quarter-phase induction machine 
is connected to a single-phase system, in the second circuit 
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an E.M.F. is induced in quadrature with and equal to the 
induced E.M.F. in the first circuit ; and this E.M.F. can thus 
be utilized to generate currents which, with currents taken 
from the primary single-phase mains, give a quarter-phase 
system. Or, in a three-phase motor connected with two 
of its terminals to a single-phase system, from the third 
terminal, an E.M.F. can be derived which, with the single- 
phase system feeding the induction machine, combines to a 
three-phase system. The induction machine in this applica- 
tion represents a phase converter. 

The phase converter obviously combines the features of a 
single-phase induction motor with those of a double trans- 
former, transformation occurring from the primary or motor 
circuit to the secondary or armature, and from the secondary 
to the tertiary or generator circuit. 

Thus, in a quarter-phase motor connected to single-phase 
mains with one of its circuits. 

If. 

Yq^ g -\- jh = primary polyphase exciting admittance, 
Zo= r^ — jXfy= self-inductive impedance per primary or ter- 

tiar}' circuit, 
Zi= r^— jx^ = resultant single-phase self-inductive impe- 
dance of secondary circuits. 

Let 

e = E.M.F. induced by mutual flux, and 
Z = r — jx = impedance of external circuit supplied by 
the phase converter as generator of second phase. 

We then have, 

I = -y T-y = current of second phase generated by phase 
converter, 

y 

^ = IZ = „ ^ = -y = terminal voltage at genera- 

^ z 

tor circuit of phase converter. 
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The current in the secondary of the phase converter is 
then, 

where 

/ = load current = 



r= eV = exciting current of quadrature magnetic flux, 



es 



/'= — - — = current required to revolve the machine, 
and the primary current is, 

/o = /i + /', 
where 

/'== eVQ= exciting current of main magnetic flux. 

From these currents the E.M.F.'s are derived in a similar 
manner as in the induction motor or generator. 

Due to the internal losses in the phase converter, the 
E.M.F. of the two circuits, the motor and generator circuits, 
are practically in quadrature with each other and equal only 
at no load, but shift out of phase and become more unequal 
with increase of load, the unbalancing depending upon the 
constants of the phase converter. 

It is obvious that the induction machine is used as phase 
converter only to change single-phase to polyphase, since a 
change from one polyphase system to another polyphase 
system can be effected by stationary transformers. A 
change from single-phase to polyphase, however, requires a 
storage of energy, since the power arrives as single-phase 
pulsating, and leaves as steady polyphase flow, and the 
momentum of the revolving phase converter secondary 
stores and returns the energy. 

With increasin<T^load on the generator circuit of the phase 
converter its slip increases, but less than with the same load 
as mechanical output from the machine as induction motor. 

An application of the phase converter is made in single- 
phase motors by closing the tertiar)^ or generator circuit by 
a condenser of suitable capacity, thereby generating the ex- 
citing current of the motor in the tertiary circuit. 
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The primr.r}' circuit is thereby relieved of the exciting 
current of the motor, the efficiency essentially increased, and 
the power factor of the single-phase motor with condenser in 
tertiary circuit becomes practically unity over the whole 
range of load. At the same time, since the condenser cur- 
rent is derived by double transformation in the multitooth 
structure of the induction machine, which has a practically 
uniform magnetic field, irrespective of the shape of the pri- 
mary impressed E.M.F. wave, the application of the condenser 
becomes feasible irrespective of the wave shape of the gen- 
erator. 

Usually the tertiary circuit in this case is arranged on an 
angle of 60° with the primary circuit, and in starting a power- 
ful torque thereby developed, with a torque efficiency supe- 
rior to any other single phase motor starting device, and 
when combined with inductive reactance in a second ter- 
tiary circuit, the apparent starting torque efficiency can be 
made even to exceed that of the polyphase induction motor. 

Further discussion hereof, see A. I. E. E. Transactions, 
1900, p. 37. 

Vn. Frequency Converter or General Alternating Current 

Transformer. 

The E.M.F.'s induced in the secondary of the induction 
machine are of the frequency of slip, that is, synchronism 
minus speed, thus of lower frequency than the impressed 
E.M.F. in the range from standstill to double synchronism ; 
of higher frequency outside of this range. 

Thus, by opening the secondary circuits of the induction 
machine, and connecting them to an external or consumer's 
circuit, the induction machine can be used to transform from 

« 

one frequency to another, as frequency converter. 

It lowers the frequency with the secondary running at a 
speed between standstill and double synchronism, and raises 
the frequency with the secondary either driven backward or 
above double synchronism. 
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Obviously, the frequency converter can at the same time 
change the E.M.F., by using a suitable number of primary 
and secondary turns, and can change the phases of the system 
by having a secondary wound for a different number of 
phases than the primary, as, for instance, convert from three- 
phase 6000-volts 25-cycle, to quarter-phase 2C00-volts 62.5- 
cycles. 

Thus, a frequency converter can be called a " General 
Alt crating Current Transformer." 

For its theoretical discussion and calculation, see ** Theory 
and Calculation of Alternate Current Phenomena." 

The action and the equations of the general alternating 
current transformer or frequency converter are essentially 
those of the stationary alternating current transformer, ex- 
cept that the ratio of secondary to primary induced K.M.F. 
is not the ratio of turns, but the ratio of the product of 
turns and frequency, while the ratio of secondary current 
and primary load current (that is, total primary current 
minus primary exciting current) is the inverse ratio of 
turns. 

The ratio of the products of induced E.M.F. and current, 
that is, the ratio of electric power generated in the secondary, 
to electric power consumed in the primary (less excitation), 
is thus not unity, but is the ratio of secondary to primary 
frequency. 

Hence, when lowering the frequency with the secondary 
revolving at a speed between standstill and synchronism, 
the secondary output is less than the primary input, and the 
diflFerence is transformed in mechanical work ; that is, the 
machine acts at the same time as induction motor, and when 
used in this manner is usually connected to a synchronous 
or induction generator feeding preferably into the secondary 
circuit (to avoid double transformation of its output) which 
transforms the mechanical power of the frequency converter 
into electrical power. 

When raising the frequency by backward rotation, the 
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secondary output is greater than the primary input (or rather 
the electric power generated in the secondary greater than 
the primary power consumed by the induced E.M.F.) and the 
dffarence is to be supplied by mechanical power by driving 
the frequency changer backward by synchronous or induc- 
tion motor, preferably connected to the primary circuit, or 
by any other motor device. 

Above synchronism the ratio of secondary output to 
primary input becomes negative ; that is, the induction 
machine generates power in the primary as well as the sec- 
ondary, the primary power at the impressed frequency, the 
secondary power at the frequency of slip, and thus requires 
mechanical driving power. 

The secondary power and frequency are less than the 
primary below double synchronism, more above double syn- 
chronism. 

As far as its transformer action is concerned, the fre- 
quency converter is an open magnetic circuit transformer ; 
that is, a transformer of relatively high magnetizing current. 
It combines therewith, however, the action of an induction 
motor or generator. Excluding the case of over-synchro- 
nous rotation, as of lesser importance, it is approximately 
(that is, neglecting internal losses) electrical input -«- elec- 
trical output -i- mechanical output = primary frequenc)^ -^ 
secondary frequency -^ speed or primary minus secondary 
frequency. 

That is, the mechanical output is negative when increas- 
ing^ the frequency by backward rotation. 

Such frequency converters are to a certain extent in 
commercial use, and have the advantage over the motor- 
generator plant by requiring an amount of apparatus equal 
only to the output, while the motor-generator set requires 
machinery equal to twice the output. 

An application of the frequency converter when lower- 
ing the frequency is made in concatenation or tandem control 
of induction machines, as described in the next section In 
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this case, the first motor (or all the motors except the last of 
the series) are in reality frequency converters. 

vm. Concatenation of Induction Motors. 

In the secondary of the induction motor an F.M.F. is 
induced of the frequency of slip. Thus connecting the 
secondary circuit of the induction motor to the primary of a 
second induction motor, the latter is fed by a frequency 
equal to the slip of the first motor, and reaches its synchro- 
nism at the frequency of slip of the first motor, the first 
motor then acting as frequency converter for the second 
motor. 

If, then, the two induction motors are rigidly connected 
together and thus caused to revolve at the same speed, the 
speed of the second motor, which is the slip s of the first 
motor at no load, equals the speed of the first motor 
.f = 1 — .f , and thus s = .5. That is, a pair of induction 
motors connected this way in tandem or in concatenation, 
that is, "chain corlnection," as commonly called, tends to 
approach j=.5, or half synchronism at no load, slipping 
below this speed under load. That is, concatenation of two 
motors reduces their synchronous speed to one-half, and thus 
offer > a means to operate induction motors at one-half speed. 

In j^eneral, if a number of induction machines are C( n- 
nected in tandem ; that is, the secondary of each motor 
feeding the primary of the next motor, the secondary of the 
last motor being short circuited, the sum of the speeds of all 
motors tends towards synchronism, and with all motors con- 
nected together so as to revolve at the same speed, the 

system operates at - synchronous speed, when // = number 

;/ 

of motors. 

Assuming the ratio of turns of p'*imary and secondary as 
1:1, with two induction motors in concatenation at standstill, 
the frequency and the E.M.F. inipresse:) upon the second 
motor, neglecting the drop of E.M.F. in the internal impe 
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dance of the first motor, equal that of the first motor. With 
increasing speed, the frequency and the E.M.F. impressed 
upon the second motor decrease proportionally to each 
other, and thus the magnetic flux and the magnetic density 
in the second motor, and its exciting current, remain constant 
and equal to that of the first motor, neglecting internal losses. 
That is, when connected in concatenation the magnetic den- 
sity, current input, etc., and thus the torque developed b)' the 
second motor, are approximately equal to that of the first 
motor, being less only due to the internal losses in the first 
motor. 

Hence, the motors in concatenation share the work in 
approximately equal portions, and the second motor utilizes 
the power which without the use of a second motor at less 
than one-half synchronous speed would have to be wasted 
in the secondary resistance. That is, theoretically concate- 
nation doubles the torque and output for a given current, or 
power input into the motor system. In reality the gain is 
somewhat less, due to the second motor not being quite 
equal to a non-inductive resistance for the secondary of the 
first motor, and due to the drop of voltage in the internal 
impedance of the first motor, etc. 

At one-half synchronism, that is, the limitirg speed of the 
concatenated couple, the current input in the first motor 
equals its exciting current plus the transformed exciting cur- 
rent of the second motor, that is, equals twice the exciting 
current. 

Hence, comparing the concatenated couple with a single 
motor, the primary exciting admittance is doubled. The 
total impedance, primary plus secondary, is that of both 
motors, that is doubled also, and the characteristic constant 
o'" the concatenated couple is thus four times that of a single 
r..otor, but the speed reduced to one-half. 

Comparing the concatenated couple with a single motor 
rewound for twice the number of poles, that is, one-half speed 
also, such rewinding does not change the impedance, but 
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quadruples the admittance, since one-half as many turns per 
pole have to produce the same flux in one-half the pole arc, 
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that is, with twice the density. Thus the chaiadi ristii con- 
stant is increased four-fold also. It follows hcicrn ni that 
the characteristic constant of the concatenated ciaiple is 
that of one motor rewound for twice the number of poles. 
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The slip under load, however, is less in the concatenated 
couple than in the motor with twice the number of poles, 
being due to only one-quarter the internal impedance, the 
secondary impedance of the second motor only, and thus 
the efficiency is higher. 

Two motors coupled in concatenation are in the range 
from standstill to one-half synchronism, approximately equiv- 
alent to one motor of twice the admittance, three times the 
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primary impedance, and the same secondary impedance as 
each of the two motors, or more exactly 2.8 times the 
primary and 1.2 times the secondary impedance of one 
motor. Such a motor is called the " Equivalent Motor." 

The calculation of the characteristic curve of the concat- 
enated motor system is similar to, but more complex than, 
that <if the single motor. Starting from the induced E.M.F. 
e of the second motor, reduced to full frequency, we work uji 
to the impressed E.M.F. of-thc first motor f,_, by taking due 
consideration of the proper frequencies of the different cir- 
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cuits. Herefor the reader must be referred to " Theory and 
Calculation of Alternate Current Phenomena," 3d edition 

The load curves of the pair of three-phase motors of the 
same constants as the motor in Figs. 125 and 126 are given 
in Fig. 141, the complete speed curve in Fig. 142. 

Fig. 141 shows the load curve of the total couple, of the 
two individual motors, and of the equivalent motor. 

As seen from the speed cur\e, the torque from stand- 
still to one-half synchronism has the same shape as the 
tf rqiie curve of a single motor between standstill and syn- 
chronism. At one-half synchronism the torque reverses and 
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becomes negative. It reverses again at about \ synchronism, 
and is positive between about jj synchronism and synchro- 
nism, zero at synchronism, and negative beyond synchronism. 

Thus, with a concatenated couple, two ranges of positive 
torque and jxiwcr as induction motor exist, one from stand- 
still to half .synchronism, the other from about J synchronism 
to synchronism. 

In the ranges from J synchronism to about % synchro- 
nism, and beyond synchronism, the torque is negati\'e, that 
is, the couple acts as generator. 

The insertion of resistance in the secondary of the 
second motor has in the range from standstill to half syn- 
chronism the same effect as in a single induction motor, that 
is, shifts the maximum torque point towards lower speed 
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without changing its value. Beyond half-synchronism, how- 
ever, resistance in the secondary lengthens the generator 
part of the curve, and makes the second motor part of the 
curve more or less disappear, as seen in Fig. 143, which 
gives the speed curves of the same motor as Fig. 142, with 
resistance in circuit in the secondary of the second motor. 

The main advantages of concatenation are obviously the 
ability of operating at two different speeds, the increased 
torque and power efficiency below half-speed, and the gene- 
rator or braking action between half-speed and synchronism. 

IX. Self -Exciting Induction Machines. 

In addition to the short-circuited secondary winding, in 
which by the rotating primary magnet field the secondary 
currents of the frequency of shp are induced, which do the 
work of the induction machine, the secondary member may 
be supplied with a closed coil winding connected to a com- 
mutator and brushes in the same manner as in continuous 
current or commutating machines, except that with the 
threephase system three sets of brushes displaced from each 
other by 120°, in a quarterphase system four sets of brushes 
displaced by 90° in position, are used. 

Supplying these brushes with currents of the impressed 
frequency, either directly from the primary impressed 
E.M.F. or by step -down transformer or compensator, these 
full frequency currents are commutated so as to give in the 
motor armature a resultant polarization of the frequency of 
slip, that is of constant relative position to the system 
of revolving primary magnet poles. The intensity of this 
secondary polarization depends upon the voltage impressed 
upon the commutator, its relative position with the primary 
magnet field upon the position of the brushes. Setting the 
brushes so that the secondary polarization is in line with 
the primary magnet field it supplies excitation for the latter 
5. ) that the primary magnetizing current is decreased, and 
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by increasing the commutated current can be made to dis- 
appear or even to reverse, that is the primary current of the 
induction machine becomes leading. Hence, by varying the 
impressed E.M.F. at the commutator, the primary current 
can be changed from lag to lead, and gives a V-shaped char- 
acteristic curve similar to that of the synchronous motor in 
Fig. 69, with exciting E.M.F. as abscissae and primary cur- 
rent as ordinates. 

By shifting the brushes from the position of coincidence 
of secondary polarization with the primary magnet field, the 
secondary polarization can be resolved into two components, 
one in phase with the primary field giving the excitation of 
the machine, and one in quadrature therewith, which pro- 
duces or consumes power in the machine in the same man- 
ner as in any commutating machine, and thereby is of no 
further interest. 

Instead of using two secondary windings, one winding 
can be used connected to a commutator and shunted by 
resistance connected between the commutator segments. 
In this case, which, however, offers no particular advantage, 
over the double winding, one and the same winding fulfills 
the function of exciting winding by carrying the impressed 
commutated exciting current and of energy winding by car- 
rying the induced secondary current corresponding to the 
work of the machine. 

The advantage of this method of excitation by commuta- 
tor on the secondary is that the exciting current of the 
induction machine flows in a circuit coincident with the 
short circuited secondary, and its self-induction is thereby 
reduced from the open circuit impedance of the machine 

[--- j to the short circuited impedance (Z,), and the voltam- 

peres excitation reduced in the same proportion, and the 
power factor correspondingly improved, and by over-excita- 
tion leading currents can be produced. The disadvantage, 
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however, is the addition of commutator and brushes, and 
thereby the loss of the main advantage offered by the 
induction machine over other forms of machines. 

While the currents supplied by the commutator to the 
exciting winding gives the same resultant M.M.F. as cur- 
rents of the frequency of slip, they are not low frequency 
currents, but have a shape of the character shown in Fig. 
144, which represents the (commutated) exciting current of 
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a threephase motor at 5 per cent slip. The self-induction of 
these exciting currents, therefore, is not the self-induction 
corresponding to the low frequency of slip, but that of full 
frequency ; that is, the self-induction is the same whether 
the current is supplied directly by permanent connections 
or through a commutator. 

The advantage resulting from such an excitation of the 
secondary member by commutator is not due to the lower- 
ing of the self-induction of excitation to the frequency of 
ilip but due to the lowering of the self-induct 'on by mutual 
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induction, resulting from the coincidence of the exciting 
winding with the short circuited winding, and the existence 
of a short circuited secondary winding or its equivalent is 
therefore essential. Without it the machine is a mere 
alternating commutator machine. 

Regarding the theoretical investigation of the self exxita- 
tion of induction machines, see " Theory and Calculation of 
Alternating Current Phenomena,** fourth edition. 
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Resistance, effective 62, IM 

effective, of eddy curreats .... 53 

effective, and hysteresis 48 

E. M. F. consumed by . . . . 32, 42 

hysteretic 62 

inductance starting device of single- 

phase induction motor .... 293 
negative, of induction machine . . 906 
speed curves of single-phase induc- 
tion motor 289 

Resistivity 9 

Resultant of rectangular components 80 

Rmg winding 164 

Rotary converter, see converter. 
Rotary transformer, see converter. 

Saturation affecting magnetic distribu- 
tion 181 

coefficient, com mutating machine 189 

coefficient of synchronous machine . 148 
curves, commutating machines, 188, 202 
curve or magnetic characteristic of 

synchronous machine 147 

of field, affecting synchronous ma- 
chines 149 

Self-inductance 19 

Self-induction of alternating current cir- 
cuits 29 

of direct current circuits .... 22 
for converter compounding . . . 243 

counter £. M. F. of 31, 42 

£• IVf. F. of .......... 9 

E. M. F. consumed by .... 32, 42 

and mutual induction 13 

of synchronous machines .... 133 
of transmission line 17 

Self-inductive reactance 62 

Separately excited machines, commutat- 
ing Ifl2 

Separately excited and magneto gener- 
ator, commutating 205 

Scries armature winding .... 164, 166 

connection 107 

drum winc'ing 166 

ccn^nt'r. c-^mmutating 208 

nMclilTiis commutating 162 

motor>< 123 

motor, commutating 214 

Shift of brushes 181 

Shunt '-""erator. commutating .... 206 

machines, commutating 162 

motors 123 

motor, commutating '212 

Sine waves, equivalent 112 

waves represented by circle ... 41 ' 

.Single circuit single-phase converter 223. 220, I 

233. 235, 230 ! 



PAGS 

Single-phase converter, ratio . 220, 223, 226, 

233, 235, 236 
direct current converter . . . 252,259^ 

induction machines 124 

induction motor 201, 281 

induction motors, starting devices . 290 
Single-pliaser, armature reaction ... 132 
Six-phase converter . .224, 226, 233, 235. 236 
Slip and armature resistance, induction 

motor 277 

Slots, affecting magnetic flux .... 184 

Smooth core armature 163 

Sparking of converter 242 

Sparkless commutation 200 

Speed characteristic, shunt generator . 2U9 
curves, induction machine .... 299 
curves, induction motor concatena- 
tion 319 

curves of polyphase induction motor 278 

curves, series motor 214 

curves, shunt motor .... 212, 213 

of inverted converter 247 

and load curves, polyphase induction 

motor 272 

and load curves of single-phase in- 
duction motor 286 

regulation of alternators 166 

variation of engines driving alterna- 
tors 168 

Spiral armature winding 169 

Star connected three-phaser, E.M.F. 16 

Starting of converters 244 

device and acceleration, single-phase 

induction motor lfi)5 

devices of single-phase induction mo- 
tors 2£0 

of direct current 22 

of polyphase induction motor . . 277 

of synchronous motors l.'>3 

torque, polyphase induction motor . 280 

Stopping of current 24 

Strength of magnet pole 2 

Susceptance I<i5 

Symbolic calculation of transformer . . 80 
Representation of sine waves ... 80 

Synchronizing converters 245 

Synchronous commutating machines . . 124 

converters 124, 217 

inductifm machine .TO" 

machines 122, 120 

motor 123, 141 

motor, clwracteristic curves . . . 143 
motor operated by induction genera- 



tor 
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motors, starting 153 

reactance V^. 13C 

watts 209 
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Telephont Hoe, mutual inductance . . 21 
Tandem control of induction motors . . 315 
Teeth of armature, saturation .... 183 
Terminal voltage of syncbronons ma- 
chine 128 

Terrestrial magnetic field 5 

Thermopile 12& 

Thomson- Houston arc machine . . . 124 

Three-phase armature winding .... 168 

converter, ratio . . 221, 226, 233, 235. 236 

direct current converter . . . 252, 259 

machines 127 

Three-phaser, armature reaction . . . 132 

E.M.F 16 

Time constant of circuit 23, 34 

Toothed armatures 163 

Torque ctirves, series motor 214 

efficiency 270 

single-phase induction motor . . . 284 

in synchronous watts 269 

Transmission line capacity 57 

charging current 57 

compounding for constant voltage . 95 

efficiency 41 

impedance 68 

load characteristic 89 

magnetic flux 6 

overcompounding 98 

phase control 46, 68, 88, 94 

reactance ^ . . . . 94 

self-induaion 17 

Transformer 69, 122, 126 

general alternating current .... 812 
rotary, see converter, 
wave shape of exciting current . . 114 
Trigonometrical calculation of trans- 
former ..... 72 

Triphase, see three-phase. 
Twelve-phase converter . 226, 233, 2S6, 236 
Two-circuit single-phase converter, 223, 226, 

233,236,236 



Types of commutating machines 
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Unbalandng of polyphase syndironous 

machines 151 

Uniphase, see single-^phase. 

Unipolar induction 11 

machine 126 

Unit capacity 66 

current 2 

E.M.F 9 

of inductance 20 

' magnetic field ...... 1 

magnet pole 1 

resistance . 9 

Variatioii of the ratio of E.M.F. 's of 

converter 226 

Vector, polar representation of alternat- 
ing wave , . 43 

Vertical component of sine wave ... 80 
Virtual induced E.iif .F. of synchronous 

machine . t 128 

Volt 9 

Voltage commutation > . 196 

Wattless cross-currents of alternators . 156 

current 40 

earrents and compounding of con- 
verter 242 

E.M F 39 

Wave, alternating 30 

shape, a£Fecting converter ratio . . 226 
shapes of converter armature cur- 
rents 229 

shape of direct current converter ar- 
mature currents 256 

shape of synchronous machines . . 127 

winding of armature 170 

Winding, armature 166 
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